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Preface 


The history of mathematics and the history of human knowledge have evolved in 
parallel. Scientific and technological advances at each stage of history would not 
have been possible without the previous advances in mathematical knowledge on 
which they. were based. 

Traditional sciences such as physics and astronomy along with more recent 
endeavours such as economics, social science and more or less anything related to 
the computer sector are all built on mathematical foundations, using mathematical 
analysis to interrogate data. 

Although this statement may be rather an obvious one, a link between mathematics 
and art is undoubtedly less so. Mathematics is central to our culture, among other 
things such as language and self expression. Art is means of investigating, exposing 
and expressing culture, maths and all. 

The relationships between art and mathematics have been much more profound 
and fruitful than may be apparent at first glance. Mathematical theories and works 
of art, two facets of human creation, have developed in parallel. 

In this book we will encourage the reader to rediscover these ideas. For example, 
in the Renaissance, the invention of mathematical perspective meant a fundamental 
change in the conception of painting. The medieval approach to visualisation was 
abandoned for something completely new — another way of looking at the world. 
This was a period in which the professions of painter, architect and mathematician 
were often fused — or confused. There were mathematical artists and artistic 
mathematicians, and this relationship was positive for both fields. 

The great concepts of time, space and measurement have concerned human 
beings since the most ancient times. Philosophy, mathematics and painting have 
all addressed these conundrums throughout history. Here we will analyse the 
three concepts from a mathematical point of view by looking at the works of 
great painters. 

Art in itself is a suitable environment for thinking mathematically. With its spe- 
cific methodology and its way of seeing reality, mathematics can contribute to the 
analysis of a work of art and to its interpretation. It also provides viewers with tools 
that add value by helping the spectator perceive what he or she is looking at in 
another way. 

Through our realigned ‘mathematical eyes’ we will analyse some paintings and 


architectural works, looking for a new angle that aids in the interpretation of the 
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work of art. These eyes are not focused exclusively on the most formal aspects of 
the language of art, the geometry of the composition or the narrative structure. This 
new angle will be a complement to other ways of seeing - a strictly artistic, his- 
toric or narrative view, among others. The aim is a better understanding that will 


ultimately let us enjoy art more — and of course enjoy mathematics. 


Chapter 1 


The Invention of Perspective 


Brunelleschi’'s demonstration 


“T am Vanni, from the workshop of Master Filippo. I have been sent to tell your 
master that he will be waiting for him today at midday outside San Giovanni.” 
‘Come in and speak to him directly. He is in his study, there, on the other side of 
the patio, where you can see the light.” 

Vanni knocked timidly on the door and after hearing “Enter!” he turned the 
handle very slowly and opened the door. It creaked a little. There he remained, 
standing frozen on the doorstep, holding the hat he had just removed as a mark of 
respect and looking down at the floor. 

Donatello raised his head from his papers. After looking him up and down, he 
said: “What do you want, boy?” 

“T am Vanni, I work at Master Filippo Brunelleschi’s house. He sent me here to 
ask you to go to the door of San Giovanni at midday.” 

“And do you know why your master wants me to go?” 

“That I don’t know, but I can tell you that I must also visit Master Luca della 
Robbia’s house, and before coming here I gave this same message to Master Lorenzo 
Ghiberti, and that I will still have to visit another studio before returning to my 
master.’ 

“OK, tell him I will be there’”’ 

There was something strange about Filippo Brunelleschi'’s invitation. Not because 
of the time of course, shortly before lunch, when work in all the studios was 
interrupted to recite the Angelus prayer and for the employees to eat together with 
the master. But because of the place. He did not invite them to his home but to a 
public place, the door of the Baptistery in the square of the as yet unfinished Duomo, 
work on which had been in progress for more than a century. At the rate they were 
going, it would take many centuries more to complete. 

In those days Florence was a half-built city. Most of the innumerable churches had 
brick facades, with no finish whatsoever, and they had deteriorated with the passing 
of time. The families that had grown rich over recent decades through banking or 


trading — the Pazzis, the Medicis, the Strozzis, the Rucellais to name a few — had 
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decided to build their own palaces. Each one was to be more luxurious than that of 
their neighbours to demonstrate their power through their money. 

In Donatello’s mind, Filippo, the oldest and most knowledgeable of all the period’s 
artists, must have something important to say to summon them in such a way and 
to such a place. 

He walked from his house to the meeting point. When he arrived all the bells of 
Florence were ringing, indicating that it was midday. It was a chilly day at the end 
of the winter of 1416, with a clear sky. As he drew near he saw Filippo Brunelleschi, 
accompanied, as always of late, by a young apprentice. The tall and somewhat scruffy 
fifteen-year-old did not work in his master’s studio but had won his friendship and 
with it the respect of all the other artists in the city. He was named Tommaso di ser 
Giovanni, but everyone called him Masaccio. Vanni was also there, the boy who had 
delivered the invitation, with a wooden chest set next to his master. Filippo was 
smiling, wearing a bluish woollen robe to protect against the winter cold.A brilliant 
red hat covered his head. The headgear looked more like a cloth wrapped around his 
hair, completely covering it, and then draped down his back. This type of head-dress 
was not unusual, although in Donatello’s opinion it was going out of fashion. He 
thought to himself that when standing next to young Maso, Filippo looked much 
shorter than normal. 

They all greeted each other and waited expectantly. Brunelleschi began to 
speak slowly and parsimoniously, with the characteristic tone of someone who 
is accustomed to teaching others and giving explanations, with measured, pauses 
to make the listeners think and always looking around to check that he has their 
attention and that his explanations are understood. 

“T have summoned you to show you something that I have been working on in 
recent months. You know that for a few years I have been studying how to make 
that which is represented in a painting appear to the viewer as if he were looking at 
the reality that the painter has painted. Making use of my geometrical studies and 
other knowledge of mathematics I have discovered a procedure which allows the 
painter to represent what he sees on the canvas with such perfection that anyone 
looking at the painting afterwards is not able, if the painter is skilled and gracious in 
his use of colour and shadows, to tell the painting from the reality. 

And the proof of my technique is in the chest that I have had brought here. 
What I am going to show you will be the unquestionable demonstration that my 


method actually works.” 
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We all looked instinctively in the direction indicated by Filippo, towards the closed 
chest guarded by Vanni. Filippo remained quiet, waiting, while we wondered, also in 
silence, about the contents of the mysterious box. 

A few of those working on the Duomo opened both halves of its main door, the 
one opposite the Baptistery, just next to the steps on which we were all listening to 
the master in a small circle. 

At last, Brunelleschi approached the chest and asked for it to be opened. He took 
out a small board measuring about 50 cm square. On it he had painted the Baptistry 
of San Giovanni di Florencia, the very building we were standing in front of. The 
painting showed every part of the building that can be seen when standing just inside 
the doorway to the Duomo, the cathedral of Santa Maria del Fiore. 

The painting was composed with such care and grace, and the colours of the 
white and black marbles were so well selected, that no miniaturist would have been 
able to do it better. The walls of the Baptistery and the area of the piazza that could 


be seen from the viewpoint were all represented in the painting. Where the roof 


& 


The Baptistery of San Giovanni, photographed from the door of Santa Maria del Fiore, from about 
the same point chosen by Brunelleschi for his demonstration (source: FMC). 
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of the building met the sky, Brunelleschi had used burnished silver in such a way 
that the real sky was reflected in it. Even the clouds could be see drifting above the 
building in the wind. 

Brunelleschi lifted the board up and showed it to everyone so that we could get 
a good look. He asked us to look for anything strange in it, showing it around the 
circle again. None of us offered a response. 

Finally, it was Masaccio who spoke: 

“Master. There is no doubt that the painting has been made with great care and 
that the result is truly beautiful, but I would like to point out that I have noticed 
that you have made an error, which nevertheless does not lessen the quality of the 
painting. I have noticed that in your drawing the column of the miracle of San 
Zanobi is on the opposite side to where it is really. We can all see from here. The 
same applies to that of the Misericordia, which in the painting is drawn on the 
opposite side. Perhaps, when transferring your sketch of the reality to the board 
you did not realise that you had swapped the sides?” 

Brunelleschi smiled in silence while he listened to Tommaso. This was the 
observation that he had expected, but he let the youngster continue, growing all 

the more embarrassed that he had discovered mistakes in the master’s painting. 

Filippo finally interrupted him. 

“That is precisely the answer I was looking for. I actually have painted the 
right-hand side on the left-hand side of the board, and the left on the right, just 
as it would be seen if we reflected the square in a mirror. But it was not ,an error, 
it was done on purpose as part of the demonstration that I intend to carry out for 
you now, my friends. 

“Also observe this hole that I have made in the board. On the painted side it is _ 
tiny, about the size of a lentil. However, on the back it opens up form something 
like the shape of a lady’s straw hat, eventually reaching the approximate size of a 
ducat. I made it like that so it can be looked through. Given that the painter has to 
suppose that his subject is being viewed from a specific point which must be at a 
height, width and distance equal to the height, width and distance from the point 


from which he himself observed.” 


we 
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Mirror image of 
the Baptistery 


Brunelleschi carrying out the ‘demonstration’ which carries his name (source: FMC). 


And then turning to me he said: “Come, Donato, take the board in your right 
hand, with the painted side away from you and the back of the board facing 
you. And stand here, in the centre of the door, two steps inside Santa Maria del 
Fiore. Put your eye to the hole and look through it, at the Baptistery, and tell me, 
what do you see?” 

“T see the Baptistery, Master. What else would I see?” I responded. 

Brunelleschi smiled and said to me:“Now take this mirror in your left hand and, 
stretching your arm out as far as you can, place it so that it covers the Baptistery and 
move it from side to side. Tell us, now what do you see?” : 

I remained silent for a while, amazed. It was as if the mirror did not exist. As 
I moved it in my left hand, with my arm stretched out as Filippo had told me to, 
the part of the Baptistery that the mirror was hiding was replaced by a part of the 
master’s painting on the board, which was being reflected in the mirror in such a 
way that the line of the mirror’s edge faded away, perfectly joining the real image of 
the chapel with the painted image reflected by the mirror, forming one continuous 
view of object from the two sources. 

I could barely find the words to explain all this to my friends, who immediately 


wanted to have a look themselves. The board and mirror passed from hand to hand 
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and comments were made. The young Masso, when it was his turn, after looking for 
a while, said: “Now I understand Master, why you drew the shrine with the sides 
swapped. When your painting is reflected in the mirror, everything returns to its 
correct place. The hole is there to fix the point from which you must look. I have 
even observed something else. By stretching my arm out to hold the mirror up, the 
distance between the eye and the mirror, if we measure it to scale with the drawing 
on the board, is equal to the distance from which the point we are looking from to 
the actual chapel.” 

Brunelleschi’s face was radiant. 

“Exactly!” he exclaimed, nearly shouting. “That is the key to the reasoning and, 


as you will see, my painting is hard to differentiate from the actual image. I have 


, BRUNELLESCHI. REASONING REFINED 1 THROUGH PRACTICE | 


Filippo di Ser Brunellesco Lippi, Filippo Bhnelesch (1377- 1406), Florentine architect, sculptor : 
painter and mathematician, is known above all as the architect of the great dome of the Duomo, | a 7 
The Cathedral of Santa Maria del Fiore, in Florence. | — - 
He is thought to have studied the arts and a little mathematics in one of the abacus schools that _ 
existed in Florence in the 14th and 15th centuries. His father, who was a notary, wanted Filippo. 
to do this so that the second of his three sons would follow in his. footsteps as a public official. - 
The young man’s artistic aptitudes led to his father finally allowing him to attend 2 ‘school 50 | / 
that he could become a goldsmith. A few years later he joined, now as an expert goldsmith, the | 
historic corporation of the Arte della Seta (‘Silk Guild’ ), which grouped together various guilds. 


oe with the silk workers were the open, metalsmiths and bronzesmiths. This — 


of the Innocents. Giorgio Vasari in his Vite, States: 


“Now Messer Paolo dal Pozzo Toscanelli [an important astronomer, son of physicist Do- | 


menico Toscanelli, to whom the idea of the westward route across the ocean to Japan, -— 


the basis for Columbus’ voyage, is attributed], returning from his studies, and chancing 


one evening to be at supper in a garden with some of his friends, invited Filippo, who, _ 


hearing him discourse on the mathematical arts, formed such an intimacy with. him : 


that he learnt geometry from Messer Paolo; and although Filippo had no learning, fe 


_ reasoned so well in every matter with his instinct, — by soe: and experience, . - : 


that he would many times confound him.” 
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found, dear friends, a simple method for representing anything that the eye sees, in 
the perfect proportion so the observer sees what the painter saw when he painted it. 
And, I should tell you that it is a procedure governed by the laws of mathematics.” 

This last statement was without a doubt the one that left his friends most amazed. 

“From now on, anyone who wishes to pursue a life in the art of painting will 
have to study Euclid, and later, in addition to the knowledge that they have acquired, 
study the sweet science of perspective. Anyone who wants to be a true artist should, 
also, become an avid reader, study the ancient sages and, as other cultured people 
do, create new ideas from what they have learnt.” 

With this retelling we have recreated one of the key moments in the history of 


art and also in the history of mathematics. A point at which the two lines of history 


Brunelleschi’s interest in mathematics and geometry led 
him to formulate the first mathematical rules on perspec- 
tive. Among his followers was Masaccio. As an artist he 
was a painter, a sculptor and an architect. The creation of 
the dome of Santa Maria del Fiore was assigned to him 
in 1420 after being invited to enter a public competition 
which he won together with Lorenzo Ghiberti, although 
in the end the true creative force behind the project and — 
the man responsible for its execution would be Brunel- 
leschi. The work lasted until 1434. 

As well as this and the Hospital of the Innocents, the Pitti 


Palace is also based on a Brunelleschi project, although it 


was constructed after his death. 


Filippo Brunelleschi redefined the professional role of: 


Filippo Brunelleschi, painted 
the architect, bringing it closer to our modern under- by Masaccio, Capilla Brancacci, 


standing of the profession. Architects stopped being © Florence (source: FMC). 


mere craftsmen in charge of the ‘mechanical’ part of the 

construction process and only responsible for the technical-operational phase, as the heads of 
medieval projects were, and acquired a fundamental role in the process of designing the project. 
Thus, architecture became a ‘liberal art’ based on mathematics, geometry and artistic and 


historical knowledge. 
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intersect. Throughout this book we are going to see that it was not the only time at 
which such a meeting took place. 

Filippo Brunelleschi is the father of perspectiva artificialis or ‘mathematical 
perspective’, as opposed to perspectiva naturalis or ‘optical perspective’, as studied by 
Euclid. But Brunelleschi did not write his procedure down. Years later, Leon Battista 
Alberti, a member of a rich family of merchants and bankers banished from Florence 
in 1401 for political reasons, joined the humanist circles in the Tuscan capital upon 
returning to the city. He forged friendships with the most important artists of the 
time; Donatello, Ghiberti, Luca della Robbia and, above all, with Brunelleschi. In 
1435 Alberti wrote On Painting, a book that he dedicated to Brunelleschi and which 


was the first to contain instructions for painting in mathematical perspective. 


Intuitive perspective 


The idea that painting should represent reality exactly as we see it is not a universal 
one. On the contrary, on many occasions the language of symbols or narrative 
have been given priority over realism. The painter proposed, firstly, to produce a 
beautiful piece and, secondly, to comply with a specific function in accordance with 
the demands of the commissioner. These might be to tell a story, make a religious 
contribution, explain a concept or pay homage to someone. Only in the latter case 
was realism, in a certain sense, necessary, but in a relative way, as it was already part 
of the main goal to celebrate the virtues of the subject — mainly their moral virtues. 
In order to achieve this goal the artist had a certain licence in the physical descrip- 
tion of the person, improving their appearance or, at least, disguising their defects. 
With Giotto things began to change. In some ways, the modern idea of painting 
was born. A painter, when telling a story, has to make his narration believable, 
and when painting a portrait, must seek a certain level of physical resemblance. 
Symbolism is at the service of the artist and not the other way round; its purpose 
is more iconic, in the modern sense of the term. When someone paints Joseph 
(husband of Mary, the mother of Christ), for obvious reasons he or she cannot 
produce a realistic portrait. So we give him a flowering staff to symbolise that the 
figure is Joseph. But when painting Dante Alighieri, for example, for whom there 


are reliable records of his appearance, realism is needed. 
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Since ancient times, we have intuitively known that objects that are further away 
should be represented smaller than those which are closer. Artists have always done 
this, trying to represent what the eye sees in a simple way. Examples of perspective 
representation can be found, for example, in some Pompeii frescoes. The reduction 
in size of objects was considered to have some relationship with the angle formed 
by lines of vision to them. Such an angle grows smaller the further away the object 


is positioned. 


The angle of vision a relates to a figure at a distance d, a is reduced as the distance 
! from the observer, d',increases (source: FMC). . 


It was also intuitively known that when representing an interior, all lines parallel 
to the floor converge to the same point — and also those on the ceiling. However, 
instead of considering this to be one infinite point, it was thought that they were 
different and located on the same 
vertical line. In the series of frescoes by 
Giotto in the Basilica of St. Francis, in 
the Italian city of Assisi, representations 
can be seen based on this intuitive 
perspective. 

For example, in the fresco named 
St. Francis preaching before Pope Honorius 
III, we can see the scene behind three 
arches. The pope occupies the centre, 
seated on his throne. Its steps do not 


have the correct alignment with the 


canopy that covers the space. Our eye 


doubts whether some of the characters 


A painted interior with two different vanishing 
represented are in front of or behind points (source: FMC). 
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the columns. However, this does not stop the scene looking harmonious or from 
converting a certain sensation of depth and volume. The floor and ceiling lines 


converge at different points, although they are on the same vertical line. 


St Francis Preaching Before Pope Honorius Ill, 
by Giotto di Bondone. 


But what is perspective? 


We should clarify in a more conceptual manner what can be understood by con- 
ceptual perspective in this book. Erwin Panofsky, one of the most revered scholars in 
this field, in his work Perspective as Symbolic Form, describes it as follows:“‘Perspective, 
in the fullest sense of the term, is the ability to represent several objects along with 
their ambient space, in such a way that the notion of the painting’s material sup- 
port is completely subsumed by the notion of transparency, so that we believe our 
gaze passes through and penetrates an imaginary exterior space, containing all these 
objects in apparent succession and that would not be limited but only bordered by 


the edges of the painting.” 
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PROLOGUE TO DELLA F PITTURA BY ALBERTI 


| we . inariel and at tthe s same time grieve shat so many excellent and superior arts and 
sciences which, through their works and through history, we could see were abundant in our — 
most vigorous ancient past, could now seem lacking and almost wholly lost [...]. Thus | believe, 
as many of these things are unprecedented, that nature, the mistress of all things, had grown 
old and tired. She no longer produced either geniuses or giants which j in her more youthful 
and more glorious days she had produced sO marvelously and abundantly. 
Since when, after the long exile, during which we Albertis grew old, | came been back here, 
into this our city [Florence], | have come to understand that in many men, but especially in you, 
| Filippo [Brunelleschi, and i in our close friend Donato [Donatello] the sculptor and in others like 
Nencio [Ghiberti] and Luca (della Robbia] and Massaccio, there is a genius for accomplishing 
every praiseworthy thing. For this they should not be slighted i in favour of anyone famous in 
antiquity in these arts. Therefore, lam convinced that the power of acquiring wide fame in any 
art or science lies i in our industry and diligence more than in the times or in the gifts of nature. 
tt rust be admitted that it was less. difficult for the ancients, because they had models to 
“imitate and from which they could learn, to come to a knowledge of those supreme arts 
which today are most difficult for us. Our fame ought to be much greater, then, if we discover 
unheard-of and never-before-seen arts and sciences without teachers or without any model 
| whatsoever. Who could ever be hard or envious enough to fail to praise Pippo the architect 
on seeing here such a large structure, rising above the skies, ample to cover with its shadow 
all the Tuscan people, and constructed without the aid of a great quantity of wood? Since 
: this work seems impossible in our time, if | judge rightly, it was probably unknown and 
~ unthought of among the ancients. But there will be other places, Filippo, to tell of your fame, 
_ of the virtues of our Donato, and of the others whose deeds are most pleasing to me. As you 
work from day to day, you persevere in discovering things through which your extraordinary 
genius acquires perpetual fame. If you find the leisure, it would please me if you should look 
again at this my little work On Painting, which | set into Tuscan for your renown. You will see 
_ three books, the first, all mathematics, concerning the roots in nature that are the source of 
| this delightful and most noble art. The second book puts the art in the hand of the artist, 
distinguishing its parts and demonstrating all. The third introduces the artist to the means 
and the end, the ability and the desire of acquiring perfect skill and knowledge in painting. 
_ May it please you, then, to read me with diligence and, if anything here seems to you to need 
- amending, correct me. There was never a writer so learned to whom erudite friends were not — 


useful. | in particular desire to be corrected by you in order not to be pecked at by detractors. 


THE INVENTION OF PERSPECTIVE 


The first book to include a mathematical procedure for drawing in perspective, 
as we have already seen, was written by the polymath Leon Battista Alberti in his 
treatise On Painting. It was originally written in Latin and he translated it himself 


into Tuscan with the title Della Pittura. 


The vocabulary of perspective 


The underlying mathematical idea in perspective drawing is based on the idea of 
a visual pyramid. Its vertex is in the eye of the painter, which is supposed to be a 
unique and stationary point, and its base contains what can be seen in that direc- 
tion. A perspective drawing will be the intersection of this visual pyramid with the 
plane of the drawing. For example, we may want to represent the rectangle ABCD, 
located on the ground on a surface of the pictorial plane 1 (a canvas perhaps), as it 
is seen from a point P on the ground, with the observer's eye at a height p and at 
a distance d from the painting. This puts the eye of the observer at O. We have to 
draw a visual pyramid OABCD, which cuts the pictorial plane m at points ABC'D'. 
Therefore trapezium ABC'D' is the perspective representation of rectangle ABCD. 
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Basic concepts of perspective (source: FMC). 
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In other words, perspective representation is a projection from the centre O onto 
a portion of infinite plane 7, limited by the outline of the painting. The pictorial 
plane t or the painting plane is, in this case, perpendicular — although this is not a 
necessity — to the ground plane or geometric plane. The line defined by the intersection 
of the two planes is called the ground level. The observer's eye or point of view O 1s at 
a height p above the ground plane and a distance d from the painting plane 7, onto 
which we project perpendicularly at O', which is the main vanishing point. The 
line parallel to the earth line, contained in the plane of the drawing, at the height 
of O', is the line of the horizon. 

Every point on the ground plane is represnted by a point on the painting plane. For 
example, for point D on the ground plane, this is point D’, where the line that joins 


the eye O with point D intersects plane 7. 


Perspective according to Alberti 


& 
Leon Battista Alberti’s method should not have been very different to Brunelleschi’s 
original. He presents it in his On Painting in a way that is sometimes confused and 
opaque. Moreover, there were no diagrams in the work. We will try to decipher it 


by following his words and reconstruct the process with our own images: 


“First of all about where I draw. I inscribe a quadrangle of right angles, as large 
as I wish, which is considered to be an open window through which I see 
what I want to paint. Here I determine as it pleases me the size of the men in 
my picture. I divide the length of these men into three parts. These parts to 
me are proportional to that measurement called a braccio for, in measuring the 


average man, it is seen that he is about three braccios.” 


The Florentine braccio, or brazo, was the traditional measurement of length, 
equivalent to 58.4 cm. Therefore, according to Alberti the average height of a 


Renaissance Man was about 175 cm. 


“With these braccios I divide the base line of the quadrangle into as many 
parts as it will receive. Then, within this quadrangle, where it seems best to 
me, I make a point which occupies that place where the central ray strikes, 
therefore I call it the centric point. This point is properly placed when it is 


no higher from the base line of the quadrangle than the height of the man 
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that I have to paint there. Thus both the beholder and the painted things he 
sees will appear to be on the same plane. The centric point being located as 
I said, I draw straight lines from it to each division placed on the base line of 
the quadrangle. These drawn lines demonstrate to me, almost to infinity, how 


each transverse quantity is altered visually.” 


i J 


A! B' 


Alberti’s quadrangle (source: FMC). 


Therefore, the Albertian diagram is as shown below: 


_ Alberti’s perspective diagram (source: FMC). 
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Painting plane 1’, in which Alberti’s ‘window’ is found, does not meet plane 7, 
but is parallel to it. Therefore, in the painting, the objects are not of a real size, but 
proportional to the real ones on a specific scale. The scale is chosen by the painter 
when determining the size he will use to represent the man. The visual pyramid 
that starts in the painter’s eye O and ends with the base is ABCD cuts the painting 
plane, forming a trapezium A'B'C'D'. The perpendicular projection of O onto the 
painting determines O'. This is the point that Alberti describes as centric. 


To draw the transverse lines Alberti proposes the following: 


“TI take a small space in which I draw a straight line and this I divide into 
as many parts as those into which I divided the base line of the quadrangle. 
Then, placing a point at a height equal to the height of the centric point, I 
draw lines from this point to éach division. Then I establish, as I wish, the 
distance from the eye to the picture and, with the place of the cross-section 
set, there I draw a perpendicular line cutting whatever lines it finds. [...] 
Thus, the intersection of this perpendicular line with the others gives me 
the succession of the transverse quantities. In this fashion I find described all 


the parallels, that is, all the square braccios of the pavement in the painting.” 


In essence, we can represent what Alberti describes in the following diagram: 


H 
O 
P 
P 
A' D 


An auxiliary drawing from Alberti’s method (source: FMC). 


He draws line A'D' and divides it into as many parts as he has divided the base 
line. He chooses point P at the distance at which he wishes to place the observer 


and here he sets point O, at the same height at which the centric point is from the 
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painting's base line. The intersections between line A'H and the visual lines from 


O to each of the divisions from A'D' give the sequence of separations between the 


transverse lines: 


H | H J 


Transposition of the transverse separation sequence (source: FMC). 


All that is left is to transfer them to the painting, as shown above, to obtain the 
chequered floor. Alberti, following an experimental method, suggests as verification 
that everything has been done correctly that one draws a diagonal line from one of the 


squares and extends it, checking that it coincides with the other squares on the floor. 


ALBERTI, MULTIFACETED HUMANISM 


Leon Battista Alberti (1404-1472) was perhaps, together 
with Leonardo, the best representative of multifaceted 
Renaissance Man. He worked in architecture, mathematics, 
humanism and poetry, as well as cryptography, linguistics, 
philosophy, music and archaeology. 

A member of a rich family of Florentine merchants and 
bankers exiled to Genoa, he first studied in Venice and then 
in Padua, later to transfer to the University of Bolonia in 


Spain, where he started to study law. There he also learnt - 


music, painting, sculpture, mathematics, philosophy and 


Greek. As 2 writer he was prolific, both in Latin and Tuscan, 
Leon Battista Alberti painted 


by Masaccio, Capilla Brancacci, 
a friend of Brunelleschi’s, to whom he dedicated his Della Florence (source: FMC). 


a language of which he was a fervent defender. He was 
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Piero della Francesca’s perspective method 


Piero della Francesca addresses Alberti’s method in his De Prospectiva Pingendi, sim- 


plifying its method. Instead of using an auxiliary drawing as Alberti did, Piero brings 


the projection and the profile together in one drawing, as can be seen in the diagram. 


below. 


Piero della Francesca’s perspective diagram (source: FMC). 


Pittura, and of Donatello’s, among others. In Florence he worked as an architect, above all for 
the merchant and philanthropist Rucellai. This figure entrusted several jobs to Alberti, among 
them, in 1446, the finishing of the facade of the Santa Maria Novella church, which was halted 
in 1 365, at the level of the first arches. He also designed the Rucellai Palace and the Tempietto 
de! Santo Sepolcro in the San Pancrazio church in Florence. In Rimini, in 1450, he designed the 
so-called Tempio Malatestiano, and in Mantua, the Church of San Sebastiano. 

Alberti was also an important writer. According to him, an architect's function is mathematical: to 
create, to provide proportions. The surveying work is done by his students, who solve problems on 
oe The architect is the inventor of the work. As well as Della Pittura, written in 1436 in Florence, 
: in 1452 in Rome Alberti wrote his De Re Aedificatoria, a treatise on architecture that influenced 
many Renaissance constructions. The term concinnitas, which he uses in the work, and which can 
be translated as ‘the fair proportion’, when there is neither too much nor too little, is the concept 


that makes something look beautiful even though we may not know why. © 
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This method undoubtedly makes the painter’s job easier, but in essence it is the 


same as that of Alberti, and in turn must be the same as that theorised by Brunelleschi. 


Piero draws a square ABCD in perspective in which side AB coincides with the 
bottom edge of the painting. He calls point O' the eye and makes the sides of the 
square that are perpendicular to the plane of the drawing converge onto it. He 
goes on to determine that transverse line C'D' is parallel to AB, in the plane of 
the painting. He superimposes the front view with a profile view. Thus, line AH 
represents the profile of the painting itself as one side of it. Point O symbolises the 
observer's real eye, which is at distance d from the plane of the painting AH. He 
draws a line from O to Band this line’s intersection with AH determines the distance 
between the transverse line C'D' and AB. 

Piero also includes a means of showing various flat figures in perspective, drawing 
them in a square. He uses a different method to do this, the distance point method. 


In summary this method is as follows: 


The diagonals of the chequered floor converge at a point called the distance point, 
labelled in the diagram as Q (source: FMC), 


All the parallel lines on a horizontal plane, whatever their direction, will converge 
in a perspective drawing at a single point on the horizon. If these lines form an 
angle of 45° with the plane of the painting, such as, for example, the diagonals of 
the squares on the chequered floor shown in the diagram above, the point at which 
they converge is at a distance from centric point O' that is equal to distance d from 


the observer to the plane of the drawing. This point Q is called the distance point. 
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Obviously, there are two distance points on the horizon line, one to the right of the 
centric point and the other to the left. | 


Piero describes this new method in his De Prospectiva Pingendi, as shown below: 


cy 


D C 


Piero della Francesca’s distance point method (source: FMC). 


The aim is to represent a square of side AB in perspective knowing the height 
above AB of the eye O' and the distance d from the eye to the plane of the drawing. 
To do so he draws a line parallel to AB through O' and extends it to a point O ata 
distance d from O'. From O he draws a line to B, which cuts AO' at D'. Finally, he 
draws a line parallel to AB through D' which intersects BO' at C'. ABC'D' is the 
perspective representation of ABCD. 


Durer and the diagonal method 


Piero della Francesca also introduced a method for determining the position in 
perspective of any known point within the bounds of a painting. It is known as 
the diagonal method, which was also used by Albrecht Diirer in his Underweysung der 
Messung (Instructions on Measurement). Let’s take a look at a translation of the text 


from Diirer’s book: 
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“When you want to represent a given point of a square on a plane seen in 
perspective, you should proceed as follows. Draw a square ABCD in such 
a way that AB is the upper horizontal side. Draw the perspective square 
ABGEF above this. Make O the eye corresponding to your drawing. Choose 
any point E in the square. Then draw in that square the diagonal line AC. 
Also draw the same diagonal line BF in the perspective square. Next draw 
a line from point E that is parallel to the side of the square and extend it to 
the horizon AB. Label this point as H. From that point, draw a line H to 
the eye Oso that it goes through the perspective square to the horizon FG. 
Label this point as M. Next, in the square draw a straight line parallel to AB 
through E to diagonal AC. Label this point as_J. Now draw a line parallel 
to the side of the square through J to AB and label this point as K. In the 
perspective square draw a straight line through K to the eye O which will 
intersect diagonal FB at L. Finally, draw a horizontal line through L parallel 
to AB to line HM. Label this point as N.That is the point we are looking for 


in the perspective square, as can be seen in the diagram I have drawn below.” 


O 


The diagonal method used to represent a point in perspective, according to Durer (source: FMC). 
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Diurer’s perspective devices 


In the two editions of Underweysung, Diirer includes some mechanical devices for 
aiding perspective drawing. In the first edition, from 1525, there are two: The Portrait 
Painter and The Draughtsman of the Lute. The 1538 edition, printed after the death of 
the artist, includes two more, The Draughtsman of the Pitcher and The Nude Lady. Al- 
though some of these were already known by artists such as Bramante and Alberti 
himself, there is one which may have been invented by Diirer himself. He published 
the details required for its construction. This method is recorded in the engraving The 


Draughtsman of the Lute. 


The Draughtsman of the Lute i//ustrates one of Durer’s perspective devices. 


The device functioned as follows.A frame is placed on the plane of a table. This 
will play the role of Alberti’s window. The frame has a shutter that can be swung 
to one side. The draughtsman sits down in front of the open window. Behind him, 
on the wall, playing the role of Piero’s eye, there is a ring, through which a string 
is threaded. A weight is tied to the end of the string. The other end of the string 
is joined to the end of a type of long nail or similar pointer, which an assistant 
holds. The string is pulled taught between the pointer and the ring by the weight 
and runs through window. An assistant points the end of the string at various 


points on the subject of the drawing, in this case the lute — all while following the 
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draughtsman’s instructions. Two threads have also been attached to the frame, one at 
the centre point on the upper side of the window and the other at the centre point 
of one of the sides. The draughtsman crosses these threads at the point at which 


the string passes through the window and attaches them to the opposite side of 


DURER, IMMORTALITY AT A GLANCE 
i oaronad abibbbah lati d AS BEG Bepcaltob acl Gs Se ae ee 


Albrecht Durer (1471-1528) was a German en- 


raver, painter and writer, and one of the great- 


est representatives of Renaissance in his country. 


He was born in Nuremberg, to a family of 18 


children, of whom only three survived. His first 


teacher was his father, a goldsmith by trade, of 


_ Hungarian origin. At 14 years old Durer became 


an apprentice at the workshop of painter and 


engraver Michael Wolgemut, where he worked 


for four years. An inveterate traveller, he trav- 


elled around Central Europe in search of work 


and studying. In 1494, he returned to Nuremberg, 


got married and founded his own workshop. He 


Albrecht Durer, Self-portrait. Museo del ate, travelled to Italy, where he had contact with 
Prado, Madrid. | 


the new style that was being established, and al- 


though his training was Late-Gothic and Flemish, 


his time in the country allowed him to assimilate the fundamentals of Italian Renaissance art. 


His interest in geometry and mathematics was probably also borne there. 


In Nuremberg again, he began a systematic study of mathematics guided by the circle of 


humanists in the city and particularly by Willibald Pirckheimer. He returned to Italy between 


1505 and 1507, this time not so much to learn but to establish himself as an artist. On return 


to his hometown, he painted, among other pieces, The Martyrdom of the Ten Thousand, using 


colours in the way he had learnt in Venice. In 1512 he was named court artist to the emperor 


Maximilian | and to Charles V, and he was granted a life-long pension. He dedicated his final 


years to his theoretical work, Treatise on Proportion, published in four books in 1525. He died 


on April 6, 1528. His friend Pirckheimer wrote the epitaph: “To the memory of Albrecht Durer. 


Under this stone lies all in him that was mortal. ” 
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the frame with wax. Having removed the weighted string, the draughtsman closes 
the shutter (covered in paper or another medium) and marks the point where the 
two fixed threads cross. This process creates a dotted outline of the figure being 
drawn. Joining the dots (in the correct order) will create a perspective drawing. 
This method is undoubtedly cumbersome and it relies excessively on Diirer’s 
device, but it meets a fundamental need-It allows the artist to recreate the intersection 
of the various lines of the visual pyramid with the plane of the painting, represented 
by the window frame and papered shutter. The point of view 1s not set at the point 
of the draughtsman’s eye, but at a point behind him determined by placing the ring. 


Here are two more engravings by Diirer of perspective devices: 


pbb ta ee Can 


i 
By 
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— 


Above, The Nude Lady, and below, The Draughtsman of the Pitcher. Both engravings appear in the 
1538 edition of Underweysung der Messung by Albrecht Durer. 
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HOSPITAL OF THE INNOCENTS AND MODULAR ARCHITECTURE 


Filippo Brunelleschi can be considered the inventor of modular architecture. This is architecture 
based on a module that is repeatedly juxtaposed. The facade of the Hospital of the Innocents 
was entrusted to him by the Arte della Seta, one of the most important guilds in Florence, 


which was the patron of this orphanage. Brunelleschi made his decisions based on reducing 


The Hospital of the Innocents was entrusted to Filippo Brunelleschi in 1419. It constitutes the first 
example of modular architecture, based on regular geometric shapes. The right-hand illustration 
shows the structure of one module (source: FMC). ‘ 


# 


Masaccio’s Renaissance revolution 


Following in the artistic steps of Giotto and using Brunelleschi’s spatial procedures, 
Masaccio was the first painter who managed to give his paintings life and depth. 
His characters had a certain dynamism and connected with the classical world and 
the revival of sculpture of which Donatello was the leading player at the time. The 
scenes — the istoria, in Alberti’s words — tied in with everyday life and brought the 
divine closer to the daily life of Florentines. 

The frescoes at the Capilla Brancacci, begun by Masolino and finally finished 
by Filippino Lippi, clearly show that process. On consecutive walls we can see the 


change from Masolino’s late-medieval tastes to Masaccio’s Renaissance revolution 


32 


THE INVENTION OF PERSPECTIVE 


costs. He chose low-cost materials, such as the grey pietra serena, which he used to make 
the architectural columns and grooves, and white gypsum, which gave the unit a dichromatic 
balance that became one of the signature characteristics of subsequent Florentine Renaissance 
architecture, based on Brunelleschi’s decisions on this job. The low budget also forced him to 
hire a poorly experienced workforce and, therefore, to simplify the measuring tasks as much 
as possible. The measurement between the columns, m, of 10 Florentine braccios, is the basic | 
measurement for each of the modules, which are formed bya regular m-sided cube. Above 

it lies a semi-sphere, of diameter oe cut by the planes of the cube’s faces. ne the arches | 
have a width of m and a height of = >) and the elegant ribbed vault lies nile =) above the 


ground. 


The facade of the Hospital of the Innocents (Spedale degli Innocenti in Tuscan) had the basic 


module repeated nine times, generating a rhythm and harmony (source: FMC). 


and, subsequently, a consolidation at the hands of Lippi. In this context Masaccio 
conceived, it is not known at whose request, a work named The Holy Trinity. This is 
a large-scale fresco painting, on the left-hand wall of the Florentine church of Santa 
Maria Novella, between the years 1426 and 1428. 

This may have been his last work because he died young in the summer of 1428, 
on a trip to Rome, after a career of barely six years and at the age of just 27. The Holy 
Trinity is the work in which the influence of Brunelleschi’s teachings on perspective 
can be most clearly appreciated. The scene is framed by a magnificent chapel and 


drawn in such a way that it appears real to the eyes of an observer. 


a2 


THE INVENTION OF PERSPECTIVE 


La Trinita by Masaccio, a piece dated between 1426 and 1428. ; 


This virtual chapel employs some of Brunelleschi’s architectural style although 
Masaccio exchanged the grey of the pietra’serena used by the architect for the intense 
pink that he used to paint the arch. The arch, supported by two Ionic columns, is in 
turn framed by two Corinthian pilasters, the capitals of which are also pink.The chapel 
is covered by a barrel vault with square coffering (sunken panels). 

The vanishing point of the perspective construction is surprisingly low. 
Remember that it is located at the height of the eyes of an observer who is visiting 
the church and looking at it, otherwise it would fail to look like real architecture. 
Also represented in perspective and therefore foreshortened are the figures of the 
Virgin and St John. They stand parallel to the columns and the pilasters that frame 
the painting’s central scene of Christ on a cross. 

In the upper part of the composition, the central axis of symmetry — and that of 


the cross — stands out. This is where we find the vanishing point. In the background, 
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God, who is supporting the arms of the cross with his hands, is also centred on 
that axis, as is the Holy Spirit, in its customary form of a dove, which is suspended 
between Christ and God. On either side of the axis, and symmetrical to each other, 
another four characters are located in pairs. The first pair is the aforementioned 
Virgin and St John, the second, at the edge of the scene, is a kneeling man and 
woman, probably the two benefactors who commissioned the work. 

In addition, the composition is dominated by equilateral triangles, a mathematical 
concept meant to illustrate the Holy Trinity. In order not to focus too much on these 
geometric aspects of the composition, we have limited ourselves to pointing out a few 
of them. For example, a triangle joins the donors, at the base, and God’s head. Another 
is formed by the nails in the hands and feet of the crucified Christ. Another would be 
that formed by the eyes of Mary, Christ and St John. 

More important, as we understand it, is the alternating of blue and red colours, 
from left to right, which break the predominant axial symmetry, providing dynamism 
and aecentuating the depth affect, which has been skilfully created by the artifice of 


architectural drawing in perspective. 


A diagram of the very low Some examples of equilateral Alternation of blue and red 
vanishing point. triangles in the composition. colours in the composition. 
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Thus, the intense red of a donor’s robe at the bottom left is visually connected to the 
softer red of St John’s clothing, to the right and, again to the left, with the tunic covering 
God’s shoulders. Finally this links to one of the red coffers to the right, which alternate 
with the blue ones in a type of chequering on the vault. This creates an ascending side- 
to-side motion which converges towards the axis of symmetry. In the opposite direction, 
the blues alternate symmetrically with the reds, following the same path, starting with 
the donor's gown, passing through the Virgin’s clothing, the cape covering God’s other 
shoulder and finishing on the blue coffer, symmetrical to the previous one in relation 
to the central axis. 

Thus, the axial symmetry is broken with this kind of mathematical ‘sliding’ of 
the colours, which alternate as they move up the central axis. 

The effect also breaks the symmetry of the lower part of the composition, in 
which, separated by the panels of an alter also represented in perspective, there is a 
skeleton and an inscription. This reads: Jo fu gia quel che voi sete: e quel chi son voi ancor 
sarete (“I once was what you are and what I am you also will be”). 

This skeleton and the mound of earth under the cross are a reference to biblical 
tradition, according to which Christ’s cross was made from the trunk of a tree that 
grew from Abel’s grave, in order to provide him with shade. 

We have spoken of a first axis, that of symmetry, which gives the composition 
form and power. Another, perpendicular to the first, is indicated by the line on which 
the donors are kneeling. It is defined by the plane of the altar as it intersects that of 
the drawing. A third axis, perpendicular to the previous two, is undoubtedly that of 
the line of vision of the observer, whose eyes are at the height of the perspective’s 
vanishing point. | 

The piece’s three scenes are given form in depth on planes perpendicular to this 
third axis. On the closest one to us, outside the arch, we have the donors, kneeling 
down. A little further in, the three biblical figures, St John, the Virgin Mary and 
Christ, are also one step higher than the previous characters. Further in again, towards 
the axis of symmetry, and even higher, lost in the background, are the dove and 
God, who is supporting the cross with his arms, standing on a red platform or stand. 

If we adopt a Cartesian interpretation of the axis — which would be to travel 
through the centuries, from the 15th century in which Masaccio lived, to the 17th 
century of Descartes — and call this axis of depth y, each of these planes would have 
an equation in the form of y= k , where j= 1,2 and 3.Thus, the donors’ plane would 
have the equation y=k,, and that of the cross, y=k,, and that of God, y= k,. 


36 


THE INVENTION OF PERSPECTIVE 


And as a different time corresponds to each one, we can identify k, with the year 
1428 (see the left-hand diagram), when Masaccio finished the piece, the period in 
which the donors who paid for it lived; k, with the year 33 AD, the year in which 
biblical tradition places the crucifixion (centre diagram). In order to analyse the 
value of k,, which defines the plane of God the best thing to do would be to take 
an undetermined value which tends towards © (the right-hand diagram). 


Cross-sections of the space represented in Masaccio’s The Holy Trinity with planes parallel 
to the drawing and perpendicular to the axis of time. Left: plane of the year 1428, 
centre: plane of the year 33 Ap; right: the infinite plane. 


But these time planes do not end here. There is a fourth plane with the equation 
y=k, which may go unnoticed at first glance. It is, as indicated by its equation, a 
plane parallel to the previous ones and the plane of the drawing, and therefore 
perpendicular to the axis of time. It is the plane which we, the observers, occupy, 
further forward than the previous ones, when we walk through Santa Maria Novella 
in Florence and contemplate The Holy Trinity. We are in that plane, below the other 
characters, as corresponds to our rank, which is neither noble nor divine, with our 
feet on the ground. The equation for our plane, as per the above, would be y = the 


present day. 
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But, when we observe Masaccio’s The Holy Trinity virtually, through the pages of 
this book, we are, in some way, on a virtual plane, which is metaphorically symmetrical 
in relation to the plane of the drawing and different to that occupied by the Holy 
Spirit and in the opposite direction on the axis. Let’s say, as readers, we are in an 
undetermined place that tends towards — e°. Masaccio has ingeniously anticipated us 
and captured us. He has incorporated us in his painting, not as mere spectators, but 
as new characters who contemplate the scene and are integrated in this geometric 


scale, with our feet on the ground. 


-MASACCIO, TERRIBILITA AND PERSPECTIVE 


Despite his short life, the work of Tommaso di ser Giovanni 


di Mone Cassai, known as Masaccio (1401-1428), painter 


of the Italian guattrocento, was of crucial importance in 


the history of painting. He is considered a pioneer in the 


application in paint of the laws of scientific perspective, 


developed by Brunelleschi. Born in a district of Arezzo, he 


was orphaned at 5 years old. After his early education and 


a spell working as a painter in his hometown, he moved to 


Florence, where he forged a friendship with Donatello and 


_ Brunelleschi, as well as with the representatives of the city’s 


humanist movement. - 
Masaccio, Self-portrait at the 


: : Capilla Brancacci, Florence 
Juvenal de Casia, dated 23 April 1422. Shortly afterwards (photo: FMO. 


The first piece attributed to him is the triptych for San 


he began to work with Masolino on the frescoes in the 


Capilla Brancacci, in the Santa Maria del Carmine church. Between 1426 and 1428 he painted 


_the La Trinita (The Holy Trinity) fresco in Santa Maria Novella. In 1428 he moved to Rome, 


invited by Cardinal Brando da Castiglione to decorate the Capilla de San Clemente. The move 


interrupted work in the Capilla Brancacci, which Filipino Lippi would continue 60 years later. 


In Rome Masaccio worked on the Santa Maria Maggiore Polyptych, in which St Jerome-and- 


John the Baptist can be seen talking. It is currently in London's National Gallery. Masaccio died 


in Rome in the autumn of 1428. 


Masaccio is noteworthy for his use of scientific perspective in order to give new meaning to the 


concept of space, which, together with the expressiveness of the characters and a particular 


use of light, constitute the crucial elements of the new Renaissance language of painting. 
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The dissemination of perspective 


Once the mathematical methods for representation in perspective were established, 
they quickly spread among painters. The ideas collected in Alberti’s book Della Pittura 
soon became known across Italy. Even painters of recognised prestige did not hesitate 
to adapt their styles to this new way of painting, thus learning the mathematical 
techniques necessary for using perspectiva artificialis. 

In this sense it is significant, as it shows this evolution, to compare two paintings 
by Fra Angelico (1390-1455), the first painted before the arrival of the new style, and 


the second, shortly afterwards, when the perspective techniques had been digested. 


Cortona Triptych, by Fra Angelico (1436-1437), 
housed at the Museo Diocesano de Cortona, Italy. 


The first is the so-called Cortona Triptych, painted between the years 1436 
and 1437. Although we can see in it a certain use of perspective, this piece still 
corresponds to the Gothic paradigm. The golden backgrounds, the essentially flat 
image, the stateliness of the characters, all indicate that discipline. Tridimensionality 
is only hinted at on the ground on which, on both sides, there are two pairs of 


saints, as well as on the central panel, thanks to the architecture of a kind of canopy 
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and to the chancel on which the Virgin is sitting. This is still intuitive perspective. 
In fact, the vanishing point of the upper part and that of the pedestal, in the central 
panel, do not coincide. There is not enough articulation in the three-dimensional 
space, and the characters do not stand out from the flat and uniform gold plane. It is 
obvious that he had still not been influenced by the new artistic proposals derived 
from Alberti’s work. 

A few years later, in 1450, Fra Angelico would paint the Bosco ai Frati Altarpiece, 
in Mugello, Florence, probably at the request of Medici.The subject is the same sacra 
conversazione, but the style has completely changed. At a glance we can see the use of 
Alberti’s mathematical rules of perspective. The scene has depth. The characters talk 
among themselves in the space defined in the painting. The backgrounds are not flat, 
but they have relief, shadows, volume. The composition has changed. It is no longer 


compartmented, but forms part of a harmonic and communicative whole.The realism 


Alterpiece of the Franciscan convent of Bosco ai Frati, painted 
by Fra Angelico in around 1450 in Mugello, Italy. 
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incorporates the spectator into the scene and brings the characters closer, so that they 
are no longer distant and pious. 

The success of Alberti’s treatise was total. In just a few years, the idea of painting 
had changed completely. And that those ideas had a mathematical base, creating 
the need for a painter to study geometry, also redefines the profession of a painter. 
The painter ceased to be a craftsman, a mere worker, and rose to the category of a 
humanist. The Italian Renaissance courts demanded the presence of painters and 
scientists in their cities, and not just so that they could work for them in their trade, 
but as intellectuals to intervene in palace gatherings, even to guide the dukes and 
princes in political affairs. From that moment the artist stopped being another 
craftsman who knew how to paint, and became a cultured man, who read and opined 
on philosophy, who knew Euclid, who thought,and who expressed his ideas and 


his vision of the world around him through art. 


THE TIMELINE 


in this chapter we have spoken about a series of characters who brought mathematics and art 


together. Everyone lived in a short period, as shown in the diagram. 


1426-1428: The Holy Trinity 


by Masaccio 
1435-1436: Della Pittura 


1492: Discovery of 
1525: Underweysun 


by Dérer 


- 1348: Black Death 


Filippo Brunelleschi (1377-1446) - 
Lorenzo Ghiberti. (1378-1455) 
Donatello (1386-1466) — 
Fra Angélico (1390-1455) 
Paolo Uccello (1397-1475) 
Luca della Robbia (1400-1482) 
a Masaccio (1401-1428) - 
Leon Battista Alberti (1404-1472) 
Piero della Francesca (1416-1492) 
Leonardo da Vinci (1452-1519) 
AlbertoDurero (1471-1528) 


The story at the beginning of this chapter would have taken place in about 1416. Brunelleschi 
was 39; Ghiberti would have been 38; Donatello, 30; and young Masaccio, just 15. Alberti, 


who was 12, was still living in exile with his family outside of Florence. 
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Chapter 2 


Artistic Mathematicians and 
Mathematical Artists 


Going to abacus school 


Universities were founded from the 12th century in the West. They were reserved 
for a very specific cultural elite. In order to satisfy the needs of craftsmen, who were 
becoming increasingly professional, and of others employed in trade, which was also 
flourishing in the final stages of the Middle Ages, so-called ‘abacus schools’ began 
to appear. In one way, they can be considered the first professional training schools, 
where traders, merchants and craftsmen of the future were schooled in the basics 
of their professions. 

In the final period of the Middle Ages a new love for knowledge and interest 
in education arose, with the resurrection of the learning of the ancient Greeks in 
Europe. In that era, mathematicians strove to renew the mathematical sciences. They 
themselves referred to the task at hand as the ‘restoration’ of mathematics, and they 
also called it ‘repair’, ‘restitution’ and ‘re-establishment’. Perhaps what they were 
really looking for was a ‘rebirth’ or renaissance in mathematics, thus signalling the 
start of a greater scientific rebirth that would reach its peak in the second half of 
the 15th century. This period would serve as a temporary stopgap between medieval 
mathematics — at a very low level but enriched by the contributions of the Greeks, 
by way of Arab scholars — and the new conception of science that would arrive 
with Galileo in the early 17th century — what we now refer to a modern science. 

Curiously, this scientific rebirth, so imbued with the work of the Greeks, arrived 
in Europe through Arabian mathematics translated at the Toledo School of Translators 
and, by sea, through the so-called Italian Maritime Republics’ trade with the Islamic 
communities of North Africa. 

The appearance of powerful merchant fleets in cities such as Venice, Amalfi, 
Pisa and Genoa, in part an unintended consequence of the Crusades, transformed 
Italy by creating a trading link between the regions of the north of Africa and 


those of the Middle East, on one side, and northern Europe on the other. Italian 
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merchants became middlemen, dealing 
with Islamic merchants, who supplied 
precious goods such as silk, spices and 
precious stones, and the European 
ones, who offered wool and woven 
fabrics. This evolutionary process of 
Italian trade also brought with it the 
creation of new financial tools. These 
included the promissory note and the 
creation of the first banks. Individual 
: : — merchants became large distribution 
noone son ee SbrPbin : | and trading companies. They needed 
employees who knew how to read and 
were capable of fast calculations. 


Throughout the 15th century 


Europe was recovering from the great 


plague, which had come from China 


Trattato d’Arismetricha (ca. 1460), by Benedetto 


da Firenze, one of the most famous 
abacus treatises. 1348 to 1350. The epidemic spread 


and blighted the continent between 


quickly across the whole world, causing 

havoc in the population, which was 
decimated. In cities such as Plosccs according to Boccaccio in his introduction to 
the Decameron, more than one hundred thousand people died. But this epidemic had 
a paradoxical effect, as the surviving population saw their living conditions improve, 
going from a subsistence economy to a new situation in which salaries went up and 
the price of food came down more than it ever had before 1348. 

The evolution of Europe’s history was affected by three important events that 
took place in the 15th century and which would have a very significant impact 
on Western culture. These were, chronologically, the invention of moveable-type 
printing in around 1447, the fall of Constantinople in 1453 and the discovery of 
America by Christopher Columbus in 1492. | 

In that century, there was also a convergence of ideas a artists and 
mathematicians, which manifested itself through the problems that concerned them 
and the style of thought with which they tackled them. This would be one of the 


main characteristics of the Renaissance. Artists such as Piero della Francesca and 
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Albrecht Diirer showed meticulous attention to mathematics in their artistic work 
and their documents, which led them both to publish treatises in this discipline. 

The invention by Gutenberg of the moveable-type printing press revolutionised 
the dissemination of knowledge. The first printed book made its appearance in 1447; 
by the end of the century there were six thousand other titles. Together these 15th- 
century books are called the ‘incunables’.Very few of them were works of science or 
mathematics. Of the few with mathematical content, the majority were Arabic works 
translated into Latin, as Arabic arithmetic and algebraic works were of practical use 
to the craftsmen of the new economy and they were less difficult, conceptually, than 
the classic Greek works. These few mathematical works, which coexisted for many 
years with the handwritten manuscripts created by copyists, created a cultural melting 
pot that was perfect for triggering new developments in Western mathematics. Only 
at the beginning of the 16th century did interest in translations of classical-period 
mathematical works grow, and many of those works were also printed. 

The development of humanism and the increased fascination with Greek science 
and art gradually shifted the centre of attention from Arab to Greek mathematics. 
Little by little, geometry was reclaiming its central role in mathematics. In any case, 
the two conceptions of science, the medieval and the humanist, coexisted for a very 
long period of time. The development of algebra in Italy in the 16th century was 
undoubtedly a product of this coexistence. 

The abacus schools appeared in the north of Italy during the 13th century and 
lasted until the 16th century. Their name, perhaps derived from what could be the 
first book written for this type of school, the Liber Abaci by Fibonacci, might lead 
us to think that they taught the use of the abacus calculation instrument at the 
schools. However, nothing could be further from the truth. In fact, in this type of 
school they taught calculations without the use of the abacus. In their place, they 
used Indo-Arabic numbering, and operations were carried out by means of Arabian 
algorithms, based on the use of paper and pen, similar to those we use today. Ways 
of applying this knowledge to trade were also taught. Accordingly, in this context, 
the word ‘abacus’ was understood as a synonym of ‘calculation’ or ‘operations’. The 
title chosen by Fibonacci for his book, translated as the Book of the Abacus, should be 
understood as the ‘Book of Calculations’. 

Liber Abaci gave rise to a rich seam of compendiums and manuals on arithmetic 
written in vernacular languages. They are the so-called ‘abacus treatises’, which 
appeared during the 14th century and up until the 16th. The purpose of these 


books was to guide the abacus masters who ran the schools. They were practical in 
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MATHEMATICAL TYPEFACES 


With the invention of moveable-type printing, it became necessary to design new typefaces. 
Some, thanks to their elegance and beauty, have survived until the current day, such as the one 
designed by Claude Garamond (1490-1561). 

Designing a good typeface involves aesthetics, proportion and geometry. It is no surprise, then, 
that both artists and mathematicians took on the challenge of designing mathematical types. 
Below are two examples of the letter “M”, for Mathematics, designed during the change 
from the quattrocento to the cinquecento. One of them is by the mathematician Luca Pacioli; 


the other is by the painter Albrecht Durer. 


“M" by Albrecht Durer, created in 1525. 
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nature and were organised by problem, using repetitive methodologies centred on 
solving problems, without seeking to teach general theories. The fact that they were 
written in the Tuscan language made their reading easier. Approximately 300 of these 
texts, written between the 14th and 16th centuries, some of them handwritten and 
others printed, have been conserved. Some of them, due to their size and richness 
of content, can be considered to be compendiums of abacus mathematics in their 
own right. | 

Although the fundamental task of the abacus schools was to train those employed 
in trade, they were also attended by craftsmen, architects, painters, cartographers and, 
in general, anyone who needed basic mathematical training. Education of children 
started at eight years old. They spent a period at a school to learn to read and write. 
About two years later they moved on to abacus school. They also tended to stay there 
for two years. Sometimes, these schools were also even called botteghe d’abaco, or, 
‘abacus workshops’, thus emphasizing their structure, similar to that of a craftsman’ 
workshop, where one would go as an apprentice. The students were, in some ways, 
apprentices of the workshop, and the name ‘master’ given to the professors is the 
same as that given to a craftsman who taught a trade while on the job. Having 
completed their schooling, pupils then duly apprenticed to commercial companies 
or workshops. 

From the examination of these treatises it can be deduced that a good abacus 
master had to have a broad scope of knowledge. As well as practical and commercial 
arithmetic, he had to have an understanding of theoretical arithmetic, the theory of 
numbers, practical and theoretical geometry and algebra. 

The curriculum on offer at the abacus schools could be divided into three 
levels. In the most basic of them, the following skills were taught: the reading and 
writing of numbers using Indo-Arabic numbering; techniques for calculating with 
fingers; algorithms for carrying out Operations; operations using fractions, cross- 
multiplication, monetary, weight and measurement systems; and some practical ge- 
ometry. This was the level taken by the craftsmen. At the second level commercial 
arithmetic, accounting and bookkeeping were taught. This was how the clerks and 
other employees of large commercial companies acquired the necessary qualifica- 
tions. The third level was reserved for amateur mathematicians, and was also the 
level taken by those who wanted, in time, to become abacus masters. It involved re- 


solving equations and number theory as well as the harder commercial arithmetic. 
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The book that ended the cycle of abacus treatises is the Summa de Arithmetica 
Geometria Proportioni et Proportionalita, by Fra Luca Pacioli, whose first edition was 
published in Venice in 1494. 


LUCA PACI 


OLI AND THE SUMMA DE ARITHMETICA — 


The Franciscan Friar Luca Pacioli is one of the most interesting characters of the Italian 


‘Renaissance and one of the period's best-known mathematicians. He was born in 1445 in 


Borgo San Sepolcro, like Piero, who in some ways was perhaps his teacher, mathematically 


speaking. He was also a friend of Leonardo da Vinci, with whom he shared a house for a few 


years, and of Leon Battista Alberti, who received them both in Rome. 


His most important work is Summa de Arithmetica Geometria Proportioni et Proportionalita, 


which he finished writing in 1494, and which was printed in Venice under his direct supervision. 


The work is dedicated to the Duke of Urbino, Guidobaldo da Montefeltro. Written in Italian, 


Pacioli's Summa gathered all the algebraic knowledge from previous centuries in one 


encyclopaedic work of more than 600 pages. It became essential reading for 16th-century 


algebraists, who would use it for making new discoveries. All of them cite Pacioli in their 


works: Gerolamo Cardano (1501- 
1576), in his Arithmetica, does so eS 


with particular reverence despite 


dedicating an entire chapter to 


correcting many errors in Pacioli’s 
work. Rafael Bombelli (1526- 
1572), in the introduction to his 


Algebra, goes as far as saying that 


after Fibonacci, Pacioli “primo fu 


wt 


que /uce diedi a questa scientia 


(“was the first person to throw 


light on this science”). Pacioli 


is believed to have died in his native city 
in 1517. 


Frontispiece of Summa de 
Arithmetica, by Luca Pacioli. 
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Pacioli’s admiration for De Prospectiva Pingendi is evident in the following 


paragraph of his work Summa: 


A paragraph regarding Piero della Francesca in 
Pacioli’s Summa, finished in 1494. 


} 
: 
. 

} 
p 


| “El su/blime pictore (ali di nostri anchor vivente) maestro Piero de li Franc- 


eschi, nostro conterra/neo del borgo San Sepolcro, hane in questi di com- 
posto degno libro de ditta prospectiva. Nel/ qual altamente de la pictura 
parla, ponendo sempre al suo dir ancora el modo e la figura/ del fare. El quale 
tutto habiamo lecto e discorso, el qual lui feci vulgare, e poi el famoso ora/ 
tore, poeta, e rethorico, greco e latino (suo assiduo consotio, e similmente 
conterraneo) mae/stro Matteo lo recco alengua latina ornatissimamente de 


verbo AD verbum, con exquisiti/ vocabuli.” 


[““The sublime painter (in our days still living) Master Piero de li Franc- 
eschi, our fellow-townsman of Borgo San Sepolcro, has recently composed 
a valuable book on perspective, in which he speaks of painting in a learned 
| way, always accompanying his text with the manner and figure of doing 

the job. The book, which he wrote in the vernacular tongue, we have read 
and digested. And afterwards the famous master in Greek and Latin oratory, 
poetry and rhetoric (his intimate companion and in like manner our fellow- 
townsman) Master Matteo, very elegantly translated it into Latin, word for 
word, with exquisite vocabulary.”] 

As stated in the text, De Prospectiva Pingendi by Piero della Francesca was translated 

into Latin by his friend, Master Matteo. 
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-Mathematical works of Piero delta Francesca 


Piero della Francesca, as well as being a great painter, was the author of several 
mathematical works: the above-mentioned De Prospectiva Pingendi, Tiattato d’ Abaco 
and a geometric work titled Libellus de Quinque Corporibus Regularibus. 

Tiattato d’Abaco, according to the author's introduction, was not written for use 
in the abacus schools, but at the request of his friends, probably craftsmen like him. 
As for the rest of it, its structure is similar to that of other abacus treatises, with one 
very significant change: the weight of geometry is much greater than the norm. In 
fact, 48 of the 127 pages are dedicated to it. In a merely arithmetic environment, the 
Trattato d’Abaco would serve as a sample of other treatises from the period. Let’s see, 


as an example, how it introduces cross-multiplication: 
“Seven rolls of cloth cost nine lira, how much would five rolls cost?” 


The lira was a coin from the period, whose name was derived from the old value 
of a lira [meaning pound in weight] of silver. Each Florentine lira was divided into 20 
soldi, and each of these into 12 dinari, just as with predecimalised pounds sterling (prior 
to 1971), where a pound was divided into 20 shillings and shillings into 12 pennies. The 


answer to the problem was the following: 


A double page of Libellus de Quinque Corporibus Regularibus by Piero della Francesca. 
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“Do it like this: multiply the quantity which you want to know by the value 
of 7 rolls of cloth, that is 9 lira, i.e. 5 times 9 makes 45, divide then divide 
the result by 7, and what comes out is 6 lira, remainder 3 lira; converting 
into soldi, they are 60 soldi, divide by 7 and you get 8 soldi with a remainder 
of 4 soldi; converting into denari they are 48, divide by 7 you get 6 denari 
and 6/7.Thus 5 rolls of cloth by this reasoning are worth 6 lira, 8 soldi, and 
6 6/7 denari.” | 


Libellus de Quinque Corporibus Regularibus readdresses many of the geometric 
problems in the abacus treatise, but, in many cases, in a more developed and complete 
manner. It is composed of four treatises. In the first, which is introductory, it deals 
with flat polygons; in the second and third, it deals with the five Platonic polyhedra 
- the tetrahedron, the cube, the octahedron, the dodecahedron and the icosahedron 
- and the placing of some inside the others. In the fourth and final treatise other 
polyhedra are covered, among which, six of the thirteen so-called Archimedean or 
semiregular polyhedra are considered. In total, the work contains 140 problems, of — 
which 59 refer to the regular polyhedra. Although it is a work organised by problem 
types, it 1s quite innovative and has a very organised structure. It also readdresses one 
of the subjects of classic Greek geometry: regular polyhedra, dealt with by Euclid 
in his Elements and by Archimedes in Spheres and Cylinders, Conoids and Spheroids. 


The problems in this treatise are of the type: 


Let’s take a spherical body whose diameter measures 7.1 want to put in it a 
shape with four equilateral triangular faces, so that each vertex touches the 


circumference [sic]. What will be the length of the edges?” 


As an approximation of 7 it uses 22/7. Only one copy of Libellus has survived; it 
is in the Vatican Library. However, it is the only one of Piero’s works that was printed 
in the Renaissance. In fact, it appeared, translated into Italian, as an appendix to Luca 
Pacioli’s book, De Divina Proportione, published in Venice in 1509, which contributed 
to the mathematical study of three-dimensional geometric bodies. 

For artists, studying mathematics stopped being something purely practical and 


became the means of access to higher knowledge. 
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The volume of a chapel’s corner vault 


In Libellus, Piero covers an interesting problem, which consists of determining 
the common volume of two cylinders of equal diameter which cross each other 


perpendicularly. 


Crossing of two cylinders of equal diameter (source: FMC). 


Piero sought to determine the volume of the following shape: 


Double corner vault from a chapel (source: FMC). 


So, Piero states that the volume is equal to 2/3-d°, with d being the diameter of 
the cylinders. The surprising thing for books of this time is that instead of leaving 
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things there, Piero feels the need to justify the reason for the formula. And he does 


so starting with these two shapes: 


The first he shows is a square with a circle drawn inside of it;in turn, the circle has 


a triangle ABC inside it, whose diameter is BC. In the second he draws a rectangle 
of the same height as the previous square and of a width equal to the diagonal of that 
square: Inside it he draws an ellipse and, inside that, a new triangle KLM, of which 


LM 1s the ellipse’s largest axis. And he establishes the following ratio: 


area of square area of circle _area of triangle ABC 


area of rectangle area of ellipse area of triangle KLM — 


He then moves on to the following three-dimensional figures: 


Double vault from a chapel corner and interior pyramid (source: FMC). 
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4 
| 
| 
| 
| 
| 
| 
I 
| 


Sphere drawn inside the double vault from a chapel corner with a cone 


drawn inside the sphere (source: FMC). 


Similarly to the above two-dimensional drawings, and without further explanation, 


he states: 


volume of double vault _ volume of sphere 


volume of pyramid volume of cone 


And, to clear everything up, he obtains the volume of the double vault V: 


volume of sphere 


- volume of pyramid. 


volume of cone ee 
So ‘ 
pas cr? ; 
y= - volume of pyramid = 4: volume of pyramid. 
—fr +r 
3 
Or 
V= 4.4 (24) —— % 
z 
And as , r= oe 
2 
me d 243 
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Piero’s solution to the problem is correct, as can be demonstrated by means of 


the integration calculation: 


Calculation of the volume of the double vault using integrals (source: FMC). 


If we cut the figure through plane p, parallel to the equator, and we call the distance 


from this plane to the centre of shape x we can use the Pythagoras theorem,to give: 


y=vr-x’. 


Therefore, the area of the shaded square, with sides of 2y, and the cross-section 


of the shape through plane p is 


A(x) = 4(r’ =e). 
And the volume of the shape is therefore given by: 


r 1G. 
=—_fr = 


a 
V=2))4(r°-x?)dx=8 sen ; —— 


The problem of calculating the cross-section of two perpendicular cylinders of the 
same diameter had been covered by Archimedes in his Method, but this Archimedes 
book, lost since ancient times, was not rediscovered until 1906 (on a palimpsest in 
which Archimedes’ text had been erased in order to write a collection of psalms on 
the same scroll in a convent). There is no record that Archimedes text was known in 
Piero’s time, and even less that he would have had access to it. Therefore the sources on 


which he based his calculations, which are unique in their conception, are unknown. 
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Piero was, therefore, a first-rate mathematician with a clear-sighted spatial 
awareness and geometric intuition. His mathematical and artistic ideas, reflected in 
his books, and his way of seeing space and shapes, shown in his paintings, make him 
the paradigm of that special moment, at the end of quattrocento (15th century) in which 
art and mathematics went together hand in hand, mutually supporting one another. 


Polyhedra in art 


In the Renaissance there were three sources for studying polyhedra. Firstly, the 
return of knowledge from the earlier eras created interest in the mathematical objects 
presented by Euclid in his Elements from a mathematical point of view, and by Plato 
in his Dialogues as a basis for his cosmology. On the other hand, the dissemination of 
mathematical perspective allowed these abstract objects to break free of the scholars’ 
imaginations and be ‘seen’ as drawings. 

The city of Urbino boasted two of the most dedicated authors to their study: 
Piero della Francesca and Luca Pacioli. The treatment of the polyhedra by Piero in 
his Trattato d’Abaco and many of the examples he included were collected in Summa 

by Pacioli. Subsequently, we again find 
oe Oe a ee coincidences which, in Vasar1’s opinion, 
are actual plagiarism, in Libellus by 
Piero and De Divina Proportione (1497) 
by Pacioli, although Piero’s treatment 


DVODECEDRON PLANY 
A 


is much more sterile, or to put it 
another way, more mathematical, while 
that of Pacioli is somewhat mystical 
or theological. And while in Piero’s 
book he tries to give explanations, if 
not demonstrations, of the theoretical 
statements and justifications of his 
procedures, Pacioli states “that which 
is expressed clearly does not need to 
be proved” as a justification for his lack 
of demonstrations. 


But, controversies between their 


The illustration of a dodecahedron by Leonardo 
da Vinci as it appears in Luca Pacioli’s codex De | 
Divina Proportione. aside, both works have magnificent 


different visions and possible plagiarism 
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Above left, a rhombicuboctahedron, based on the drawings of Leonardo da Vinci 
in the printed edition of De Divina Proportione by Luca Pacioli, Venice, 1509. To 
the right, marquetry by Fra Giovanni da Verona (circa 1457-1525), for the sacristy. 
at the Santa Maria in Organo, Verona. 


drawings to illustrate them. In Piero’s work all indications are that it is original; in 
De Divina Proportione they are by Leonardo da Vinci and are truly magnificent. 

Wooden polyhedra ended up becoming fashionable in the Italian Renaissance 
courts. Various noblemen commissioned collections of polyhedra, and, under the 
supervision of a mathematician — in some cases Pacioli himself — they created 
exquisite pieces of carpentry. 

Also the fashion for polyhedra and perspective made its way into the art of 
decorative marquetry. Thus, it is common to find polyhedra inlaid on the decorated 
walls or on wooden cupboard doors which, tricking the senses as trompes [’eil that 
show us half-open doors with the interior full of objects, books and polyhedra. 

Those designed by Fra Giovanni da Verona for the sacristy of the Santa Maria 
in Organo church, in his home city of Verona, show the influence of Leonardo da 
Vinci's drawings for De Divina Proportione is evident. This is conclusive proof that 


Fra Giovanni was well aware of Pacioli’s text. AKG 
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=) THE RELATIONSHIP BETWEEN POLYHEDRONS AND THE GOLDEN RATIO 


| Luca Pacioli called his book on polyhedrons the ‘divine proportion’ or the golden ratio. But what 
| relationship is there between polyhedrons and the golden ratio? Three drawings will answer 


this question for us. 


Construction of a golden rectangle. 


= ‘The first shows us how to construct a golden rectangle. First we draw a square ABPQ and, 
; “starting at centre point M of side BP and with a radius equal to segment MQ, we draw an arc 
of a circle which will cut the extension of line BP at C. Rectangle ABCD, which we get from the 
diagram, is a golden rectangle — that is to say that its sides follow the golden ratio: 


BC _1+V5 _ ©. 
a 
~ Also, rectangles ABCD and CDQP are similar, by which it can be verified that: , 


« 
Some golden ratios in a regular pentagon. 
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The golden ratio is found in the construction of the regular pentagon, and also the regular 
decagon. In fact, in pentagons we can find a multitude of ratios related to ® Soh golden 


number). Let's have a look at some of them: 


a Ae AM _1+N5 _ 


Sess cccesciene MR SE eS MO a aa 


ae AN a MN 2 


Therefore ‘in the dodecahedron, formed by 12 pentagons, golden ratios are very frequent. 
| Lastly, and with no intention of listing all the relationships between polyhedrons and the 
golden mean, we can also find golden ratios in the icosahedron. If we join two opposing edges 
of an icosahedron we get a golden rectangle. If we gather the 12 vertices taking opposing 
edges in pairs, we get the figure seen below, in which there are three rectangles located on 
| planes that are perpendicular to one another i in pairs. | | | 
This property, due to the dual relationship established between the icosahedron and the do- 
decahedron, can be applied to the latter, in this case, instead of the opposing edges, the 


centres of the opposing faces are joined. 


| The three golden rectangles contained inside an icosahedron (source: FMC). 
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Marguetry with a mazzocchio by 
Giovanni da Verona from the end 
of the 15th century. 


In this period other geometric objects, besides 
regular polyhedra and semi-regular or Archimedean 
polyhedra, such as cones, prisms or faceted spheres, 
started to become common in works of art. In some 
ways they were the precursors of the mathematical 
idea of limits, which would not appear for several 
centuries more. 

The faceted spheres we can see in De Divina 
Proportione and in Fra Giovanni da Verona’s marquetry, 
can be fitted into an ideal sphere, which in turn 
envelops all faceted spheres of the same radius. 

One object became an icon of the study of 
perspective, and the painter Paolo Uccello was its 
main proponent: this is the mazzocchio. Its origin was 
a piece of headwear which 15th-century Florentines 
used to support a veil. It was shaped like a doughnut, 
but in mathematics it is a ‘torus’. 

We can imagine a torus in several ways. The most 


simple is to think of it as the surface generated by a 
circle that rotates in such a way that its centre slides 


on another larger circle, located on a plane that that is perpendicular to the first one. 


Another possibility is to imagine a narrow and tall plastic cylinder and bend it 


into a circle until the upper face meets the lower one. If we faceted the surfaces 


in order to be able to build it, for example, with cardboard, the image would look 


something like this: 


Faceted mazzocchio 
(source: FMC). 
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A POLYHEDRON FULL OF WATER 


Portrait of Fra Luca Pacioli by Jacopo de’ Barbari, 
in the Museo de Capo di Monte in Naples. 


Fra Luca Pacioli’s friendship with different artists led to several of them painting portraits of 
him. The one that appears here is by Jacopo de’ Barbari, and in it we can see Pacioli giving 
a mathematics class. The student is probably Guidobaldo da Montefeltro, the future Duke 
of Urbino. Pacioli has Euclid’s Elements open on the table; he is giving a class in geometry. 
Judging by the drawing on the blackboard, it is on pons asinorum, the ‘bridge of asses’, 
which establishes that the angles opposite the equal sides of an isosceles triangle are equal. 
Some people believe that the name pons asinorum comes from the drawing, which is similar 
to a bridge, although more probably it was used because this is the point of the theory from 
which simple minds were no longer able to understand 

anything in Elements. On the right-hand side of the 

painting we can see a copy of Summa. On it there is 


a dodecahedron and, suspended from the ceiling by a 


there is a mysterious polyhedron that reflects the 
window through which, from the left-hand side, light 


golden chain, with glass faces and half-full of water, 
enters the painting. This is a rhombicuboctahedron, 


with 18 square faces and 8 triangular faces. 


Pacioli’s polyhedron. 
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To make this the circular face has been divided into eight parts, transforming it 
into an octagon form, and the ring section into twenty-four parts. In this way the 
mazzocchio becomes a shape formed by twenty-four identical ‘segments’, each of 
which is a type of oblique prism the base if-which is a regular octagon. 

In the second piece of marquetry illustrated above, a mazzocchio of this type can be 
seen in the lower compartment of the cupboard. But, as we will see, in that period the 
shape appears in many other places. One of them was the so-called Green Cloister, in 
the church of Santa Maria Novella in Florence. There Uccello painted a fresco on a 
lunette called The Flood. In a somewhat chaotic scene, in which no character seems to 
be related to any of the others and which is dominated by a deep central perspective, 
two mazzocchios can be seen. One is around the neck of one of the characters who, 
with a club in his hand, is trying to steal a ladder from another character. The pair 
are fighting to climb up to the arc. The second mazzocchio appears on the head of a 
girl who is sitting with her back to the observer, looking to the side. Any symbolic 
meaning which Uccello wanted to give to the mazzocchios in this scene has been 


forgotten — if he even thought about it at all. 


The Flood, a fresco by Paolo Uccello in the Green Cloister at the Santa Maria Novella basilica, 
Florence (source: FMC). 


In the The Battle of San Romano series, three paintings by Uccello which are now 
housed at the Uffizi in Florence, in London’s National Gallery and in the Louvre 


irr Paris, there are also several mazzocchios. 
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"OH, WHAT A SW 


EET THING IS THIS PERSPECTIVE” 


Paolo Di Dono, known as Paolo Uccello (1397-1475) is 


the Florentine painter with whom the use of the rules of 


perspective reached its peak. He worked as an apprentice 


at Ghiberti’s school, together with Donatello, when the 


former was working on the north door of the Baptistery 


in Florence. In 1416 he moved to Venice to work on the 


restoration of the mosaics on the facade of the basilica 


of San Marco, which had been destroyed by a fire, and 


on the marble marquetry for the floor mosaics. In 1430, 


back in Florence, he saw Masaccio’s frescoes in the Capilla 
Brancacci, and he was so fascinated by the advances in 


perspective that he made it his own, to the point that it Portrait of Paolo Uccello 
(source: FMC). 


became the main characteristic of his work. 


In 1436, for the interior of the basilica of Santa Maria del Fiore, he was asked to do a fresco 


of mercenary John Hawkwood. Applying the rules of perspective he painted the soldier on 


horseback, as if it were an equestrian statue. Throughout the 1440s he painted frescoes in the 


Green Cloister of Santa Maria Novella, which are now quite deteriorated. 


But the pieces that best reflect his passion for perspective are the three large boards of The 


Battle of San Romano,which includes the added difficulty of representing an outdoor scene in 


_ the utter confusion of the battle. In one of them, the lances fallen on the floor seem to form 


a Cartesian network of abscissa and ordinate axes, nearly two hundred years before Descartes 


wrote his Geometry. Perspective became a true obsession for Uccello. Vasari said: 


“Donatello, who knew him, as they were very good friends, often said to him: ‘Paolo, your 


perspective makes you abandon the truth for the untrue’. And this happened because Paolo 


showed him mazzocchios every day with their faces drawn in perspective and the points of the 


diamonds created with the utmost care.” 


In 1452, now more than 54 years old, Uccello married Tommasa Malifici, with whom he had 


two sons, Donato and Antonio: both of them became painters. Again Vasari, not without 


at least a little maliciousness, states in his Vite that Paolo spent the whole night at his desk 


dedicated to perspective, and that when his wife called him to bed, he would say to her: “Oh, 


what a sweet thing is this perspective!” 
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Close-ups of the mazzocchios in The Battle of San Romano housed at the Galleria degli Uffizi. 


Lastly, we will discuss the so-called Kepler polyhedra which are now considered 
regular star polyhedra. It is the great 
stellated dodecahedron, formed by 
twelve regular five-point stars that 
coincide in fives at each vertex, or point. 
Although it was not studied by Kepler 
until 1619 in his Harmonices Mundi, it 
was drawn by Uccello on the floor of 
St Mark’s Basilica in Venice at the end 


of the quattrocento. 


Mosaic designed by Paolo Uccello for the floor 
of San Marco in Venice. The diagram shows a 
stellated dodecahedron (source: AMA). 


64 


ARTISTIC MATHEMATICIANS AND MATHEMATICAL ARTISTS 


From perspective to virtual reality 


By the last third of the quattrocento, the technique for perspective had been estab- 
lished in the Florentine workshops and it had spread to the rest of Italy. But, almost 
from the start, a paradox began to arise: perspective, born in order to paint ‘reality’ 
in a believable way went on to have a completely different use — making real that 
which does not exist. Thus, in some ways, what we would now call ‘virtual reality’ 
was born too. : 

Leonardo daVinci gives us his Atlantic Codex another example of his farsightedness 


with this image: 


In the image there is a sketch of a torus. Actually, what we see is a torus which 
is wrapped around another. Moreover, there are two torus intertwined in parallel 
around a third. This can be appreciated more clearly in the reconstructed figure, 
which would look like this: 


Reconstruction of Leonardo's mazzocchio, or torus, in the Atlantic Codex (source: FMC). 
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The image is accompanied by two texts, one above and another below the 
drawing. Leonardo was left-handed and wrote backwards, so in order to read his 
texts it is necessary to have a mirror image. The simplest way 1s to reflect them in 
a mirror but a computer program for editing graphics can also flip the image... 


which is what we have done here: 


The upper text says: 


“corpo nato della prospettiva [body born of perspective , 
di Leonardo Vinci discepolo di by Leonardo Vinci, disciple of 
la sperientia.” experience. | 


The lower one reads: 


“si a fatto questo corpo senza [this body has been made 
esemplo d’alcun corpo, ma’ - without any example body, 
solamente con semplici linje.” : only with simple lines. | 


Leonardo is aware from the start of what many others will do later. Perspective, 
invented to represent reality, serves to generate virtual realities, bodies created by 
perspective, made “without any example body, only with simple lines”, unreal bodies 


that painting bring into existence. 
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+ 


Calice degli Uffizi. 


Mazzocchio from 
the Uffizi. 


cS Mazzochio a Paolo 
Uccello, - 


Alberti's mathematical games 


Leon Battista Alberti is one of the artists who studied mathematics and wrote about 
the subject. As well as Della Pittura (On Painting) he also wrote a book titled Ludi 
Matematici (Mathematical Games) dedicated — contrary to what the title may lead us 
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to believe — to the practical resolution of certain geometrical problems that involve 

interpreting measurements. For example, there are problems on how to determine 
of the width of a river, the depth of a well or for drawing maps to scale. 

Alberti surveyed Rome but the resulting map has been lost — if he ever got around 

to creating it in the first place. He collected the results of his work in a book which 

he named Descriptio Urbis Romae, published in 1433, shortly before On Painting. The 


introduction reads: 


“Using mathematical methods, I have recorded as carefully as I could the 
passage and alignment of the walls, the river and the streets, as well as the 
sites and locations of the temples, public buildings, gates and commemorative 
monuments, and the outlines of the hills and also the area which is occupied 
by habitable buildings, as we know them to be in our time. Furthermore, 
I have invented a method by means of which anyone with average intelli- 
gence will be able to draw such things, in the most convenient and suitable 
manner, on any surface, however, large. It. was some intellectual friends of 


mine who moved me to do this, and I thought it good to assist their studies.” 


LE. BAPT, ALBERTI» 
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Manuscript by Alberti on Descriptio Urbis Romae, 
dating from the 15th century. 
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“MAP OF ROME By PIETRO DEL MASSAIO_ | 


: Alberti’ 5 map, which he probably ant with the peeici data which Ke includes i in his 
; Descriptio Urbis Romae, has been lost. However, a few years later, in 1464, in Florence Pietro 
del Massaio published an edition of Geography by Ptolemy, in which a beautiful plan of Rome, i 2 
: made using Al berti’ S mathematical procedure, was included. tt can be seen here. 
We can see that, with the exception o - 
of St Peters in the Vatican, which - 
‘appears in the bottom-right, anda 
| _ few churches dotted here an d there, 
Massaio was mainly concerned with | 
ancient mon uments: the aq ueducts, | 
the Colliseum, the Pantheon, Trajan ‘s 
column and the column of Marcus ~ 
Aurelius. Its main shortcoming is that it 
is not clear if his purpose was to 
a contemporary plan of Rome or of the 
Rome of the middle of the quattrocento. | 
However, the mathematical precision 
| achieved through Alberti’s method, : | | 
: despite the basic apparatus used, can be appreciated by comparing the map o any current one. 


A few years later, in around 1450, the Duke of Ferrara, Borso de Este, asked him 
to write a book explaining the mathematical procedures used in Descriptio. Thus, he 
wrote Ludi Matematici. Let’s look at a section of it in which he explains how to set 
out a scale drawing of a given place. To do so he takes topographical data from three 
different points using an instrument of his own devising called a goniometer. Using 


the proportionality of triangles he then marks out a map of the location. 


The text has been directly translated from Medieval Italian, respecting, as far as 
possible, the Albertian style: 


“IT wish to talk now of a certain instrument which is apt, as you your- 


self will see, for these problems, and even more so for those who use the 
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blunderbuss and other machines of war. I use it for many things of leisure, 
such as measuring the dimensions of a village, or painting a landscape, as 
I did when I drew Rome. Therefore, I will now tell you how it is done. 


“Take the measurements of a site or the surroundings of an area and 


its streets and things in the following way. Make a circle.on a board with 


a width of at least one braccio [one Florentine braccio is the equivalent of 
58.4 cm] and divide this circle into as many parts as you wish, the more 
there are, the better, as long as they can be well distinguished and are not 
confusing. I tend to divide it into 12 equal parts, drawing diameters from 
one side of the circle to the other. Then I divide the limbus, or the outer 
band, into forty-eight parts, and I call these forty-eight parts degrees. I then 
divide these degrees into four parts which we shall call minutes. I write the 


corresponding number on each degree, as I have drawn here. 
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Alberti’s “goniometer” taken from an edition of Ludi Matematici. 


“When you want to do your painting, you will put this instrument in a 
flat and high place from where you will be able to see many points of the 
terrain you wish to draw, such as bell towers and the like. Hold a string with 
a weight, and move two braccios away from this instrument and loek at the 
notable things one by one, in such a way that your line of vision, passing 
through the weighted string and the middle of the circle, is aimed at the 
tower you are looking at. Record the number which your line of sight passes 


through on the circle in the direction you are looking in. 
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“Imagine you are in the tower of a castle with your instrument and you 
are looking at the gate up there and you see that your line of sight passes 
through the 20 degrees where the two minute division is. Write on your 
paper: “upper gate, 20 degrees and 2 minutes”, and do not move the instru- 
ment but move yourself and look at the angles. Perhaps your line of sight will 
pass through the point where it says twenty-four degrees and no minutes 
on the instrument. If so write “angle twenty-four”.And in the same way for 
all the others, without moving the instrument. Having done this, you will 
go to a second place that was visible from the first, and you will place your 
instrument there and locate it so that it is on the same line corresponding 
to the number through which you saw it with your instrument. In other 
words, if one had to sail a ship from that tower to this point, one would 
steer by that same wind marked 20.2 or 24.0 degrees, or the like. And here 
you will do the same as you did in the castle. You will go round the edge 
and take note of everything on another piece of paper. 

“Finally, you will go to a third place and you will do the same, taking note 
‘of everything and keeping record of it. I have provided you with a drawing 
of the way in which you should proceed; a drawing which will serve as a 


demonstration of what I have said. 
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“You will then do the following. You will start on your board, where 
you want to do your drawing, making a mark where you think suitable for 
the object that you want to start the whole drawing from, and this will be 
the site of one of the places where you recorded things. If it is the castle, 
write above the point once done “The castle”. And above this point put a 
small paper instrument of half a palm’s width, divided up and made in the 
same way as the large one with which you recorded the scene and place it 
in such a way that its centre is in exactly the same point. From here, draw 
lines according to what you have written in your records. In a similar way, 
make a second mark on the previous line made on the board corresponding 
to one of the other places from where you surveyed the area, and on this 
second point put a similar paper instrument, and place it in such a way 
that the line corresponds with the number you noted for the castle in your 
record. In other words, so that both instruments are located with respect to 
the line in the way that they were seen from one another. Draw all the lines 
from here through the numbers you have noted on your paper. And where 
the line of the first instrument that indicates, for example, Santo Domingo 
intersects with the line of the second instrument that also indicates Santo 
Domingo, make a point and write Santo Domingo above it. And do the 
same for all the other things in the area. If these two lines do not intersect 
properly, so that their angle is clear, put another similar small instrument on 
the third point, from where you noted the things, and place it as you did 
the others, so that their respective lines all correspond, and thus everything 
shall be completely clear. Explaining these things in words is not easy, but - 
the task itself is not difficult. It is very pleasant, and it is useful for many 
things, as you yourself can confirm. ; 

“In doing this I found a way of locating a particular ancient aqueduct, 
of which several indications could be seen although its route was lost in the 
hills. In this way you can record all your journeys and the twists and turns 
of any labyrinth and any desert without the danger of making mistakes. 

“And in this way you can measure distances very accurately. If you want, 
for example, to measure the distance from the Torre del Borrico to the castle, 
we will do it as follows: 

“Place your instrument prepared as we have said above and note the 
number through which the aforementioned tower is seen, and then look at 
a point which is distant from the previous one you were on. For example, 
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you are at the end of the castle’s battlement. Find a suitable object at the 
other end and look at it; note down its degrees and minutes. Then put the 
instrument on the other side of the building, and place it as we have said, 
making sure that the line runs straight down the battlement, and from here 
look towards the aforementioned tower and note down its numbers. Having 
done this, prepare in the room, or somewhere else, a flat space as if you 
wanted to draw the drawing as indicated above, make your points and draw 
the lines with the instrument, just as I said above, and where they intersect 


indicate 1n this way: 


{ 


“Tower 


“T affirm that as many times as the space there is from one of these drawn 

- points to the other fits in the line which goes from this point to the short 
point, that is the number of times which the space from one end of the 
battlement to the other fits in the space that separates that point from the 
Torre del Borrico. See it marked on the diagram with [Roman] numerals. 
If from one point to another there are ten inches, and from this point to 
there where the lines intersect there are two hundred and twenty, you will 
say that from that point to the corridor to the Torre del Borrico there are 
twenty two times that which there is from one end of the battlement to the 
other. And this will serve you for small distances but not for longer distances 


which need greater instrumentation.” 


Direr’s fork, burning line and egg line 


Among the many geometrical outlines that Diirer tackled in his Underweysung der 


Messung, we can find the outline of conical cross-sections. The book starts as follows: 


“The most sagacious of men, Euclid, has assembled the foundation of ge- 


ometry. Those who understand them well can dispense with what follows 
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here, because it is written for the young and for those who have not been 


adequately taught.” 


Artists, according to Diirer’s conception and that of many other artists of the time, 
should equally learn freehand drawing and geometry, and be equally skilful in the 
use of paintbrushes as with a ruler and compass. Diirer believes that an artist must 
know how to ‘measure’, which is why he calls his book Instructions on Measuring. 

Diirer learnt mathematics and perspective on his trips to Italy and, on back in 
his native Nuremberg, he had access, through the libraries of his humanist friends, 
to classical and modern mathematical texts, which were all beginning to be printed. 
(Printing was becoming one of the city’s most booming industries.) 

He certainly studied Euclid and his Elements, but also Piero della Francesca and 
Leon Battista Alberti. In his Underweysung he makes an effort to offer the geometric 
methods and present them in such a way that made it easier for artists and craftsmen 
to use them. He does not focus his interest on the demonstration or the theory 
of pure geometry. The subjects he covers are linear perspective, regular polygons, 
polyhedra and Platonic solids, the outline of which he describes from his most 
practical of points of view. He also covers applications of geometry for drawing types 
of printers and some others on engineering and architecture. 

To get an idea of his style and of the rigorous way in which he expresses himself, 


let’s have a look at his own words on a method for drawing an ellipse: 


“Greek mathematicians have shown that we can make three different conic 
sections that will not produce a curve identical to the circle of the base of the 
cone. |...] Each of the three sections will produce a particular curve, which I 
will show you how to draw. Learned scholars call the first section an ellipse. 
This section cuts the cone obliquely and does not cut its base. [...] The sec- 
ond section is created by drawing a line parallel to side ab of the cone [which 
defines its height] or to the other one [in other words, to a generatrix], and 
the scholars call this section a parabola. The third section, when we draw it, 
represents one vertical line, parallel to the line that joins the centre of the 
cone to the vertex, and scholars call it a hyperbola. I do not know if they 
have names in German, but I would like to give them names allowing us to 
identify them. The ellipse, I will call ‘egg line’ because it looks more or less 
like an egg. The parabola will be called ‘burning line’ because a mirror with 


this curve can light a fire. Finally, I will call the hyperbola ‘fork line’. 
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“If I want to draw the egg line, or ellipse, first | must draw the [height 
of the] cone, indicating the section I want to create and then the plan of the 


section. I will then do the following: 


Linea ellipfis. 


Fundamentum 
pyramidis » 


The drawing that accompanies Durer’s text. 


“Let a be the vertex of the cone and bd the diameter of the base. From 
a, | draw a vertical line downwards. | call the ends of the section f at the 
top, and g at the bottom. I then divide this section fg with 11 points into 
12 parts and I number them starting at end f- Under this [side view of the] 
cone I have drawn its base. I call the centre a and its circumference bcde as 
was done with the side view. From all the divisions we extend lines to the 
base, which correspond to the points f, g and the intermediate points which 
we have numbered 1, 2, 3, etc. I label the points where these lines intersect 
with the base circle with the same numbers and letters. 

“Once I have done this, I take a compass and rest one of its points on 
the [side of the] cone, in a vertical line ae to the height of division 1, and I 
place the other point at the same height on [the generatrix] AD. I transfer 


that opening of the compass to the base and, placing one of the points on 
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centre a and the other on the line through 1,1 draw an arc in the direction 
of d until meeting line 1 again. [He repeats the process for each of the lines 
from 2 to 11.] 2 

“Next, I will use the base as a reference and | will draw the line of the 
ellipse in the following way. 

“T draw a vertical line equal to section fg, keeping the 11 points that 
divide it into 12 parts. I draw 11 parallel horizontal lines, one passing through 
each division of the previous ones. Then, on segment 1 of the base, I take 
the measurement between the two points at which it cuts the arc that I 
drew with the compass and I transfer it, and extending it to cross-section 
drawing fg, I place it on line 1 [centring it] on both sides. I do the same 
with the rest of the numbered segments. Once this has been done, I draw 


the egg line or ellipse joining the dots, as I have here.” 


The drawing of the ‘egg line’ is a good example of the practical, while accurate, 


approach that characterises Diirer’s Instructions for Measuring. 


With that we end this chapter dedicated to the mathematical works of some of 


the Renaissance artists. 
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Chapter 3 
Time, Space and Light 


The Decameron by Giovanni Boccaccio is one of the most important works of Eu- 
ropean literature in the 14th century and probably one of the most influential on 
the subsequent development of Italian literature. 

The Decameron recounts the ten days (from which its name is derived) spent by 
a group of young people, seven women and ten men, outside the city, sheltering 
from the plague that blighted Florence. Together, they take it in turns to tell stories. 
Many of them were erotic in nature, which resulted in the work being censored at 
various times in history. 

One story about Nastagio degli Onesti is one of the hundred novellas contained 
in the work. Nastagio is a bourgeois from the city of Ravenna, who becomes 
very rich after the death of his father and his uncle. He soon falls in love with a 
young girl, the daughter of Paolo Traversari. In an attempt to woo her, he begins 
to squander his money by organising banquets and parties in her honour. But she 
is not interested and, moreover, she enjoys rejecting him. Desperate, he alternates 
between contemplating suicide, converting his love into hate, and trying to forget 
her, but he never settles on any of the three alternatives. Seeing that Nastagio is in 
physical — and financial — decline, his friends and family try to convince him to quit 
Ravenna and put some distance between him and his hopeless love in an effort to 
forget her. They end up convincing him, and Nastagio moves to the neighbouring 
town of Classe. 

One Friday in spring, while he is walking at sunset in the middle of a pine forest, 
near to the sea, Nastagio sees a young and beautiful girl running naked and in some 
distress. Two dogs are chasing her, biting her whenever they can; she is bleeding in 
several places. Behind the dogs, a knight dressed in armour and with a sword in his 
hand threatens to kill her. Nastagio steps in to defend the young girl, but the knight 
approaches him and introduces himself as Guido degli Anastagi, and then goes on to 
tell a story: a few years ago he was madly in love with the same woman that he now 
pursues. But she was not interested, and eventually the rejection led him to commit 
suicide. When, later, she also died, they were both sentenced to this hellish hunt. 
“Therefore,” the knight explains, “I am not doing anything other than complying 
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with that unspeakable punishment. Every Friday, in this place, I must hunt down the 
maiden with these dogs. After killing her, I then witness her coming back to life, her 
body recomposed and unblemished.” The punishment will last one year for every 
month of her cruelty to the knight. Nastagio, resigning himself to divine will, decides 
not to intervene and is left to contemplate as the knight catches the maiden and, after 
disembowelling her with his sword, feeds her innards to the beasts. When this has 
finished, as if by magic, the woman’s body, recomposed, rises from the ground and 
begins to flee again, eternally chased by dogs, horse and knight until she is far from 
Nastagio and out of his view. 

Nastagio decides to take advantage of what he has just witnessed. He organises 
a banquet in the pine forest, to be held — of course — the following Friday. He 
invites his family and friends and his love and her parents. As expected, during the 
dessert course, the scene from the previous Friday is repeated to the great surprise 
of all the guests. Then the hunter, reprimanded by his witnesses, once again has the 
opportunity to tell his story and of the punishment to which the two lovers are 
subjected. The young Traversari, seeing the resemblance with her own story, decides 
to give in and immediately agrees to marry Nastagio. In fear of being sentenced to a 
similar punishment she transforms her previous disdain into true love. The wedding 
was held that very Sunday. As a consequence, all the girls of Ravenna learnt to be 
more sensitive with their suitors. The story does not tell us, however, if Nastagio and 
the young girl lived happy ever after... 

If we take a close look as this story, we can see that there are two stories in one: 
that of Nastagio and his young lover of the Traversari family, and that of Guido degli 
Anastagi and the girl sentenced to be murdered every Friday evening. As we have 
seen, the second of these stories decisively influences the first. 

But there is also a third story related to the previous two. In 1483, Lorenzo de 

Medici hosted the wedding of the members of two rich Florentine families — the 
| young Gianozzo Pucci and Lucrezia Bini. We do not know why Lucrezia agreed 
to the union because, as we will see, she cannot have been very much in love. What 
is clear is that the wedding meant a significant economic alliance between the two 
families, and also gave the Medicis a modicum of political stability during the tumults 
of late-15th-century Florence. Whatever the actual circumstances, Lorenzo de Medici 
wanted to contribute to the bride and groom’s happiness and commissioned a work 
from Sandro Botticelli’s workshop. Four panels were painted. Judging from their 
shape and size, they were possibly used to decorate a chest or the wedding bed that 
Lorenzo gave to the couple as a gift. Today, removed from that piece of furniture, 
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three panels ended up in the Museo del Prado in Madrid, while the fourth and 
final one has remained in Florence, still in the Palacio Pucci’s private collection. The 


subject of the four panels is none other than the story of Nastagio degli Onesti. 


Time in Botticelli 


Sandro Botticelli found himself faced with a problem: a painting can only recount 
a specific moment, an instant. Knowing the modern language of photography, we 
would use the word ‘snapshot’. At best, a series of paintings could be used as a back- 
drop for the oratory of a preacher who is recounting an uplifting story, as Giotto 
did in his work in Assisi. 

Having established a link with the modern snapshot, we can go further and call 
it a ‘storyboard’. Botticelli found himself with the task of ‘painting time’. What he 
needed to do was to create what can done with the touch of a button today with 
video but was limited to just four panels. Nevertheless he had an advantage — his 
great skill as a painter. 

Botticelli had no other way of telling Nastagio’s story other than as if it were the 


frames of a film, and to do so he made use of several tricks. The most basic was to 


Panel | of Nastagio degli Onesti, in which the maiden chased by the dogs and the knight appear in 
the foreground, as Nastagio looks on. Museo del Prado, Madrid. 
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dress Nastagio always in the same clothes at all times. That way, although he appears 
several times on the same panel we know that it is always him and never confused 
with various other characters that crop up, This narrative syntax was adhered to 
strictly. The Nastagio painted by Botticelli never changes his attire if walking in the 
woods, banqueting with guests a week later, nor to get married the following Sunday; 


his outfit does not change in the ten days that the story lasts. 


Time sequence of the four panels of Nastagio degli Onesti (source: FMC). 


On the first panel, the scene takes place in the forest, by the sea. Nastagio is talk- 
ing with friends outside a tent (1). Shortly afterwards, in nostalgic reverie, remem- 
bering his love, he walks head down through the pines (2), dressed with red tights 
and a chain-mail doublet under which a white shirt can be seen. Over the doublet 
he is wearing a short blue robe, pleated at the waist by means of a golden knotted 
belt. His outfit is completed by an elegant pair of leather boots with the tops turned 
down, which have a natural leather colour on the outside and are dyed in ochre on 
the inside, as well as a black hat decorated with a long ribbon of the same colour 
and a white feather. He is not wearing the hat, but has it draped over his back, hold- 
ing it by a ribbon. Nastagio’s entire outfit is repeated on the four panels, except for 


his hat, which only appears in the first two. 
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Continuing to read this first panel from left to right we see Nastagio again. In 
front of him there is the young girl being chased by dogs who are biting her and, 
behind them, a knight with a fierce look on his face (3). Nastagio, holding a stick 
that he has just picked up off the ground, is trying to scare the dogs away from their 
victim. The light, which is bright in the background and darker in the foreground, 
helps to give depth to an open space in which it is more difficult to provide spatial 
references for perspective. The trees divide the scene up, also helping to give depth 
and relief to the panel. 

In the second panel Nastagio only appears once (4). With a scared expression on 
his face, he sees how the knight, who has just killed the maiden, extracts her guts 
through a gash in her back (5) and he throws them to the dogs, which devour them 
on the right-hand side of the panel (6). The characters that are being repeated on this 
panel are the woman and the knight. In the foreground the latter has demounted 
and is crouched down over the body. In the background, he is back on his horse 
chasing the resurrected woman through the forest again (7). The arrangement of this 
scene is nearly identical to that of the first panel’s main scene. Here the action takes 
place further into the background to indicate that it happens later, and is.orientated 


from left to right, to indicate that the story is repeating in cycle. 


In the second panel the knight pulls out the maiden’s innards and throws them to the dogs. 
Nastagio regards the scene in shock. Museo del Prado. 


81 


| 
: 
| 
| 
| 
| 
| 
) 
| 
| 
| 


TIME, SPACE AND LIGHT 


A week later (8), Nastagio has gathered his guests around a table in the forest. It is 
overlooked, in the centre by the Medici coat of arms, and beneath senior dignitaries 
sit, probably including Lorenzo de Medici himself. To the left, under the Bini coat 
of arms, are the women of the Traversari family; Nastagio’s family and friends are on 
the right-hand side, under the Pucci coat of arms. In the middle of the banquet the 
young lady bursts in, chased by the dogs, still biting her, and the killer on his horse 
brandishing his sword (9). The interruption causes the ladies’ table to be overturned 
and the food falls on the ground. Nastagio, theatrically located in the centre, asks 
for calm (10) and tells those present of the story of the suicidal knight and his cruel 
maiden. When the young Traversari feels regret for her attitude towards Nastagio 
and agrees to marry him, he agrees the terms of the wedding with the young girl’s 
mother in a scene which takes place in the background on the right-hand side of 
the panel (11). 

Two days pass (12) and the fourth panel shows us the wedding banquet, of which 
Boccaccio says nothing in his Decameron. Once again under the coats of arms of the 
Binis, the Medicis and the Puccis, inside a rather dramatic, yet impractical, arched 
construction, we can see two lines of waiters with trays and delicacies entering 


symmetrically from the left and right-hand sides. 


In the third panel, the maiden, the dogs and the knight, burst into the banquet. Museo del Prado. 
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The almost absolute symmetry of the characters, with the women on the left and 
the men on the right, underscored by the architecture, is only broken by Nastagio 


himself, who is seated before his lover who finally only has eyes for him (13). 


The fourth and final panel of Nastagio degli Onesti is in Florence and belongs to a private 
collection. The scene illustrates the banquet after wedding of Nastagio and the Traversari girl. 


In these thirteen steps, spread across four scenes, Botticelli manages to tell us the 
story of Nastagio degli Onesti as Boccaccio told us in his novella. However, following 
the instructions of Lorenzo de Medici, the painter frames the story in the context 
of the wedding of Gianozzo Pucci and Lucrezia Bini. In the end he captures the 


passage of time as a line that zigzags through the four pictures. 
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~ STORY GRAPHS | 


Time, the fourth dimerdan. is difficult to represent graphically. Storytelling is without doubt the 
earliest approach to describing the passing of time. It has the fundamental advantage, above all if 
oral, that to tell the very story you need time. In this way, in the mathematical sense, we are providing 
two times, the time of the story and the time of its telling. Both of them occur advancing towards the 
future: that of the story being told, from the beginning to the end, in the sequence of the events that 
: : are recounted, and that of the narration from the "Once upon a time...” to the “happily ever after”. 
But i in communicating them both, as with performances, the time of the narration does not 
‘correspond exactly with that of the story. Graph 1 corresponds to normal narration: a story which 
actually lasted k is told in the shorter time interval (a, b). | 
Only on a few occasions do both times coincide. in graph 2, narration time and narrated time are 
| equal in length. An example of this is Shakespeare's The Tempest. which tells us a story that takes 
place over six hours and i is told j ina theatrical representation that also lasts six hours. The novel 
/ Five Hours With Mario by Spanish writer Miguel Delibes i is another example. It is a monologue by 


 arecent widow who is watching over the body of her husband for five hours. ee this novel 


also takes about five hours. But these stories are the exceptions. L 
in a film, the norm is that we see a large variety of ways of dealing with time: Honeine. 
discontinuation and flashbacks are devices for manipulating time in the language of cinema, and 
we are sO accustomed to it that most of these features pass us by unnoticed. However, it is not 
| : unusual to hear someone say that a particular file i is ‘slow’ or that the police genre, with its chases 
and shoot-outs, has a fast’ pace. Both adjectives make a reference to the use of time in films. 
| Graph 3 corresponds to a suspense film; during the first half not much happens but the pace picks 
— upas the ending draws near. Finally, graph 2 represents a flashback. Narration starts in the middle of 
‘the story at point /. Later, when it reaches point m, the sequence of the narration is interrupted, ast 
| skips backwards; and we are told the beginning of the story. When we reach point / again, linking in 
: with what we were told at the pearing the narration is resumed at m, nee it was ee 


Space: The Pala di Brera 


On 18 June 1472, Lorenzo de Medici’s troops, led by the condottiero (mercenary 


warlord) Federico de Montefeltro, Count of Urbino — he would be named duke 


two years later — took the city of Volterra. In the same year Guidobaldo, the first 


male child and future successor to the Montefeltros, was born. But 1472 was also a 
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b | a 
Graph 3 | Grap 


Four functional rela tionships between narration time (t) 
and the time of the story (T) (source: FMQ). 


year of misfortunes. A few months after giving birth, Federico’s wife died. Battista 
Sforza was in charge of the government of Urbino during his ensuing absences as 
condottiero in the service of the Pope, the Florentines, and the king of Naples (and 
occasionally against if the price was right). Under Sforza’s rule, Urbino became one 


of the most important cities for art, of which Federico was always a patron. Among 
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others, painters Piero della Francesca, the Spanish Pedro Berruguete and Flemmish 
Justo de Gante, and architects such as Francesco di Giorgio Martini and Luciano 
Laurana passed through his court. | 

Probably to celebrate the victory of the battle of Volterra and the birth of his 
son Guidobaldo, Federico commissioned the so-called Pala di Brera, also called Pala 
Montefeltro and Sacra Conversazione from Piero della Francesca. In Italian the word 
pala means ‘altarpiece’, or, altar painting. This painting therefore is a panel designed to 
be hung above the altar in a church, perhaps above a predella, in other words, a series 
of smaller paintings at the bottom, which have been lost. It seems that previously 
it was destined for the San Donato degli Osservanti church, where Federico was 
buried. However, once finished it was subsequently transferred to the San Bernardino 


church, conceived as a mausoleum for the Montefeltros. 


Pala di Brera (1472). This work by Piero della Francesca is housed at the 
Pinacoteca di Brera, Milan. 
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The name Pala di Brera is down to its current location, in the Pinacoteca di Brera, 
Milan, where it was taken after being requisitioned by Napoleonic authorities, led 
by French soldier and mathematician Gaspard Monge in the late 1790s. 

In the painting we can see a space with a classic architectural style, represented 
in conical central perspective, almost completely symmetrical in its arrangement. 
In the background, what looks like a church apse stands out, which looks to have a 
semicircular base. The arches at the edges lead us to imagine a cross-shaped plan, with 
two perpendicular naves. The apse is covered by a barrel vault with square coffering. 
The vault ends with a quarter-spherical calotte, the underside of which is covered by 
a giant clam shell, from which an egg hangs on a golden chain. There is also a group 
of people who appear to be in a semicircle around the Virgin Mary. Mary, sitting on 
a throne with her hands together, has the baby Jesus sleeping peacefully on her lap. 

The composition of the characters highlights the symmetry of the architecture 
and underscores it. The Virgin clasps her hands and looks directly at the observer, 
highlighting the central axis. The rest of the characters are in two trios of saints 
and two pairs of angels, also arranged symmetrically around the central axis. The 
symmetry is only broken, and emphatically so, by the position of the donor, knelt 
down on the right-hand side in the foreground. This is Federico de Montefeltro, 
Duke of Urbino, a controversial character and a passionate devotee of the Italy of 
the quattrocento, dressed in ceremonial armour. As in all portraits of him, he is seen 
in profile because he had lost his right eye and part of his forehead in a tournament. 
The asymmetry of Federico’s position serves to highlight the absence of his wife 
Battista Sforza, who had recently died, a few months after the much longed-for birth 
of their heir, Guidobaldo. Critics do not agree on the date of the painting, although 
most writers put it between 1472, the year of Guidobaldo’s birth, and 1474. 

The saints are, from left to right, St John the Baptist, patron saint of Battista 
Sforza, St Jerome and St Bernardino of Siena, of the Franciscan order, canonized 
in 1450; on the right-hand side is St Francis, showing his stigmata, St Peter Martyr 
of the Dominican order, displaying a skull wound inflicted on him when he was 
assassinated, and St John the Evangelist, with the Bible in his hand. We know that 
the face of one of the saints is a portrait of one of Piero’s friends, Fra Luca Pacioli. 
The faces of the angels, contrary to those of the saints, are much less realistic. It was 
probably more difficult to find friends’ faces to paint as angels, and Piero just thought 
them up, dressing them in luxury fabrics decorated with fabulous jewels. 
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PIERO THE MATHEMATICIAN 


Little is known of the life of Piero della Francesca. In his book Vite Vasari says: 


“Piero studied mathematics in his youth, and although from the age of 15 he became a painter, 
he never gave up his mathematical studies [...] Piero was most studious in his art, and had a 
good knowledge of Euclid. He understood all the best curves in regular bodies better than any 


other geometer, and the clearest elucidations that we have of these matters are from his pen.” 


~ Piero was born in Borgo Sansepolcro in Tuscany, in 1416, into a relatively comfortable family. 


_ His father was twice town councillor. As was habitual among children of traders, Piero had 


to attend an abacus school, where he would have learnt 
the fundamentals of arithmetic, geometry and a little about 
algebra and accounting. His studies as a painter appear to 
have started as an apprentice in a workshop in his home- 
town, until his abilities surpassed the narrow restraints of 
his local environment, and he began to travel to Florence 
and other Italian Renaissance centres. He also went to 
Rome, where he worked in the service of Pope Pius Il, but 
his frescoes in the Vatican palace were destroyed shortly 


: | afterwards, during the pontification of Julius ll, to be replaced 
A possible self-portrait 
of Piero della Francesca. 

Detail of the Resurrection. studied until the 20th century. In the 1990s his magnificent 


Sansepolcro, Museo Civico. History of the True Cross frescoes, which are in the basilica of 


by those of Rafael. His artistic work was little known and little 


San Francisco | in Arezzo, were restored. He was the master 
and friend of Luca Pacioli, another Sansepolcro native, whom he oo in the fala di Brera, in 


the guise of St Peter Martyr of Verona. 


In his final years, with his sight severely deteriorated he wrote three mathematics books 


which have survived until now and which have already been mentioned i in previous chapters. 
According to Vasari he wrote many more that have been lost to history. As we can see, Piero, 
as well as being an excellent painter, was a mathematician of significant talent in the context 
of his time. Without this knowledge we could not understand ee della Francesca’s artistic 


work as a whole or the Pala di Brera in particular. 
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Symbolically, the painting establishes a relationship between the architecture and 
the characters. In such a way the Virgin, in the centre, is identified with the building 
which symbolically represents the Catholic Church, as communion of the faithful. 
Also, the heads of the saints are arranged in correspondence with the building’s 
ribbed Corinthian columns, and the angels with the marble panels that decorate 
the apse. The central panel, made of porphyry, is the only one we see front on and 
it is located exactly behind the Virgin. 

Lastly we have the shell and, above all, the egg, which, in the plane of the image, 
hangs over the Virgin’s head. It seems that it was not unusual for churches to hang 
ostrich eggs, as curios that could attract the attention of visitors, a symbol, according 
to some, of virginity and, according to others, of the Church. 

Let’s take a look at it from a mathematical point of view and start to analyse 
the space contained within the architecture that can be seen in the painting. Taking 
advantage of the symmetry we are going to draw an outline of the left-hand side, so 
that we can then reflect a mirror image of it onto the right-hand side. The result is 


roughly what we can see in these two diagrams: 


Outline of the architecture in the Pala di Completion by symmetry of the 
Brera, with the vanishing point architecture's outline (source: FMC). 
(source; FMC). 3 
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We can see that the building being represented is totally symmetrical,with the 
exception of a narrow band on the right-hand side. In the previous diagram this is 
shown by the architectural lines that protrude from the constraints of the painting. 
We known from a restoration carried out in 1982 that the original painting was 
trimmed, mainly on the lower part. 

The backing is currently formed by eight wooden panels arranged horizontally, 
but it seems evident that the number of panels in the original was nine. We can 
assume, without much margin of error, that the painting was therefore of a height 
of approximately 9/8 of the current one. 

If we look closely at the bases of the arches that can be seen on the mouldings 
on both sides, we will see that they cannot correspond to the final part of those 
that we see foreshortened on both sides. They are the ends of a new arch, parallel 
to those of the apse and the plane of the image, which we have completed in the 
two diagrams above. The trim from the sides and the upper part would be much 
smaller and probably only caused by normal deterioration of the edges during 


transport. The lower one, though, corresponds to an entire panel being removed. 


Reconstruction of the original measurements: a hypothesis 


The current measurements of the panel are 170 cm x 250 cm. If we add 1/8 of 
the total to the vertical we get dimensions of 170 cm x 281 cm, without taking 
into account any of the lateral and upper reductions. It is reasonable to think, at 
least hypothetically, that in giving the painting to a carpenter he was given certain 
measurements, and that one of them was probably expressed in a whole number of 
units of length. So, the unit of measurement that was used in the period, as we have 
already seen, was the Florentine braccio, which equals 58.4 cm. 

Expressing the measurements in Florentine braccios we can see that the width is 
almost exactly three braccios (or 175.08 cm) and, multiplying the width by the golden 
number, ®, would give 283.29 cm.The numerical coincidence makes the hypothesis 
quite plausible. In this case, the original painting would be a golden rectangle of 


three Florentine braccios wide, which was ten reduced by approximately one eighth 


of its total height from the bottom up, plus a couple of centimetres on the upper 


edge and other similar reductions on both sides, somewhat greater on the right-hand 


side, as shown in the following diagram. 
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The probable original measurements of the Pala di Brera, forming a golden rectangle with 
a width of three Florentine braccios (175 cm x 283 cm). According to this hypothesis, the 
panel would have been reduced by about 33 cm in height and 5 cm in width (source: FMC). 


Space in Piero della Francesca’‘s Pala 


The methods of mathematical perspective described by Piero della Francesca in his 
De Prospectiva Pingendi reach a high point in the representation of space in Pala di 
Brera. Let’s try to deconstruct the process followed by Piero and, thus, reconstruct 
the space we see represented in the painting. 

The process of representation in perspective cannot always be reversed, as to 
do so it is necessary to use certain resources and also have some data on what is 
being shown. First of all it is necessary to find a square that is located on a plane 
perpendicular to the plane of the image, in other words, parallel to the floor. Using 
that we can measure the painting’s parallel planes and determine the point of view, 
in other words the distance at which the observer should be located to see the 
painting’s perspective at its most realistic. We will also be able to determine the 


location of the characters on the floor in relation to each other. 
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Mary’s square dais 


Let’s take a look at the dais or platform which the Virgin Mary’s seat is on. It 1s cov- 
ered by a rug, which we have reproduced below. Decorated with a starred border, 
it has an eight-point star formed by two interlaced squares which, between them, 
form an angle of 45°. If we check the distance of the visible vertices of that star on 
the left-hand side of the image at the front, we will see that the separation from the 
border decoration is apparently the same. By its symmetry, we must assume that the 
rug is square. But if we look closely, the decorative border is completely hanging 
over the front, while at the sides nearly half of it is on the dais. This could lead us to 
think that the platform is rectangular. However, if we look more closely at where 
the rug is joined to the floor of the presbytery, the rug cannot hang down at the 
back. Both the stand and rug necessarily still being square, the part that hangs over 
the front must be greater than that which hangs over the sides. Therefore, we can 


state that the Virgin Mary is on a square stand. 


Reproduction of the rug under the Virgin Mary's seat in the Pala di Brera (source: FMC). 


The vanishing point is on Mary's face 


This can easily be seen by extending the lines that are perpendicular to the plane 
of the drawing and observing where they intersect. In the image on page 89 it can 
be seen how it was calculated. We have used the line of the cornice that borders the 
apse — and reappears on the left-hand side of the image — and one of the sides of the 
stand which the Virgin is seated on. In the following diagram the vanishing point is 


marked with the letter O. 
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Division, into four squares, of Mary's dais (source: FMC). 


The axis of symmetry divides Mary's stand into two equal parts 


This is obvious since the front edge of the stand is parallel to the plane of the draw- 
ing, and the line that passes through its centre point and through the vanishing point 


— the axis of symmetry — bisects that edge. 


We are going to divide the stand into four 


To do so, we draw the diagonal line and another parallel to the front edge through 
the intersection point of the diagonal and the axis of symmetry. In other words, 
knowing that ABCD is a square, we draw diagonal line AC, which cuts the central 
axis at P and drawing a line parallel to AB through P, we get MN. Quadrilaterals 
ASPM, BNPS, CQPN and DMPQ are all equal squares. 


The chequered floor 


Now using one of these squares, for example CQPN, and drawing a diagonal, we 
can form a network of squares on the floor. The result of the process can be seen in 
the next diagram, in which we have created a grid on the plane of the presbytery 


floor, using the square of Mary’s stand as a template. 
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Measuring the space 


The above process allows us to measure distances in the space. Using the Virgin’s stand 
as a measurement we can see that St John the Baptist, the first of the saints on the left, 
measures 3/2 side lengths of the stand. If we attribute the saint a height of 175 cm, 


then the side of the stand would be 116.7 cm, which is approximately two braccios. 


A chequered floor in the Pala di Brera (source: FMC). 


The complete dimensions, expressed in braccios, would be approximately the 
following: the nave has a width of 8 Florentine braccios. We can divide the visible 
length into several sections; the closest to us, from the edge of the original painting 
to the line that marks the end of the presbytery, measures 6 braccios; the section 
from the line of the presbytery and the closest line to where the nave intersects the 
cross is a square with sides of 8 braccios, as is the square outlined by the intersection 
of the naves. The space under the coffered vault measures 10 braccios in length and 


8 in width, and the depth of the apse would measure a little more than 2 braccios. 
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The total space would thus be much deeper than what it appears to be and much 
less impressive in width and height. | 

In the end the measurements are a surprise. For example, the width of the nave 
would only measure 467 cm. The egg would be a (horizontal) distance of 26 braccios, 
or about 15 m, from Mary. Its diameter would be 23 cm, which would confirm that 


it is an ostrich egg, and a big one at that. 


The apse is not semicircular © 


As we have said, the apse measures a little less than 2 braccios deep and 7 wide, as the 
arch that defines it is half a braccio wide. So it is semi-elliptical, with axes of 7 and 


2.15 braccios, which means the ellipse can be fitted into a golden rectangle. 


Reconstruction of the apse in the Pala di Brera (source: FMC). 


Mary measures two metres in height 


We have set the height of St John the Baptist at 1.75 m. And the Virgin Mary is 
more or less on the same plane, parallel to that of the drawing. A person sitting 
down in a chair loses about 20 percent of their height, a percentage which varies 
little with the height of the chair. Given that the Virgin’s head is above the line of 
the saints, even taking into account that they are on a plane 15 cm lower than her 


seat, the proportions suggest that she would be 2.08 m tall when standing. Although 
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it is not obvious at a glance, the Virgin Mary is disproportionately large compared. 
to the saints. Piero is following medieval tradition, which establishes the size of the 
characters represented in relation to their rank. The angels, by contrast, are very 


short, not measuring much more than 1.50 m. 


Reconstruction of the floor 


We are now ready to reconstruct the floor space of the scene represented in Pala di 
Brera. According to the above data, the floor would be approximately that illustrated 
here. As we have already said, the dimensions are surprising. The total space is actually 
enormous, at 20 m deep; yet its width is almost of domestic proportions, not even 


exceeding 5 m. 


Reconstruction of the floor of 
the nave (source: FMC). 
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Mosaic designed by Paolo Uccello for the floor of the San Marco (St Mark's) cathedral in Venice and 
which represents a large stellated dodecahedron (source: AMA). 


The diffusion of perspective in two pieces by Fra Angelico. Top: Cortona Triptych (1436-1437). 
Museo Diocesano in Cortona, Italy. Bottom: Altarpiece from the Bosco ai Frati convent 
(ca. 1450). Mugello, Italy. 


Albrecht Durer, Self-portrait (7518). Museo del Prado, Madrid. 


Sandro Boticelli and workshop, Nastagio degli Onesti | (1483), tempera on panel. 
Museo del Prado, Madrid. 


Sandro Boticelli and workshop, Nastagio degli Onesti II (1483), tempera on panel. 
Museo del Prado, Madrid. 


Sandro Boticelli and workshop, Nastagio degli Onesti Ill (1483), tempera on panel. 
Museo del Prado, Madrid. 


Sandro Boticelli and workshop, Nastagio degli Onesti IV (7483), tempera on panel. 
Private collection, Florence. 


Leonardo da Vinci, Dodecahedron, for Luca Pacioli’s book De Divina Proportione (7497). 
National Library, Madrid. 


, Milan. 


Pala Montefeltro or Pala di Brera (1472) 
Brera 


teca di 


Brera Madonna 
Pinaco 


/ 


Piero della Francesca 


Paolo Uccello, The battle of San Romano (ca. 1450), tempera on panel. Galleria degli Uffizi, Florence. 
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Doménikos Theotokopoulos, El Greco, The Baptism of Christ (ca. 1598). Formed part of the 
altarpiece at the College of Maria de Aragon; currently housed at the Museo del Prado, Madrid. 


Diego Velazquez, Pablo de Valladolid (1633). Museo del Prado, Madrid. 


Francisco Zurbaran, The Defence of Cadiz Against the English (7634), oi! on canvas. 
Museo del Prado, Madrid. 


Anamorphic transformation of The Defence of Cadiz Against the English, by Zurbardn, from the 
point of view of a person standing in the Hall of Kingdoms, Its original location (Source: FMC). 


Hans Holbein el Joven, The Ambassadors (7533), oil on oak panel. National Gallery, London. 


Masacchio, Brancacci Chapel Frescoes (detail, 1427), Santa Maria del Carmine, Florence. From left 
to right, Massolino, Masaccio, Alberti and Brunelleschi (Source: FMC). 
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facade of Santa Maria Novella (1456). Florence 


(drawing: AMA; photo: FMC). 
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Determination of the viewing point 


Piero della Francesca wrote his De Prospectiva Pingendi in the same period that he 
painted the Pala di Brera. Reversing the rules that he established, we get the follow- 
ing diagram. It puts the viewing point at an approximate distance of 5.8 m, that is 


10 Florentine braccios. 


Determining the point of view (source: FMC). 


Looking at the figure we discover one of the tricks that Piero plays on our eyes: 
At first glance the egg seems to be hanging over the Virgin’s head, but in reality it 
is quite a distance away — at about 26 Florentine braccios. 

Our drawing obviously does not include those parts on which the painting 
provides no information. For example, we cannot calculate the length of the 
transversal nave, as in the painting we can only see the base of the vaults and, of 
them, only the width corresponding to a panel. 

Nor do we have any information on the total length of the main nave, since, as 
observers, much of it is behind our backs. The visible limit defines the vertical plane, 
perpendicular to this nave, which is precisely the plane of the drawing. In any case, 
this lack of information is not absolute and, by observing certain details, we can find 
a lot of information that is hidden and which can be overlooked easily. 

When we look at the painting for the first time we tend to place the characters 
represented in it in the cross and to think that the light that illuminates them 
comes from the left side of the transversal nave. However, when we analyse the 
actual situation, with the construction of the church’s floor and the location of the 


characters on it, we see that this is not possible. 
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Therefore, there must be two different sources of light. One, the light which 


illuminates the apse and the shell, which does come from the left side of the transversal 


nave. The other, whose light illuminates the characters, cannot come from the left 
side of the transversal nave, since the cross is behind their backs. It must, therefore 
be different and come from some point outside the scope of our vision, behind the 
viewer, probably a window in the left side of the main nave. Indeed, on the shoulder 
piece of the duke’s armour we can clearly see that window, or rather, its anamorphic 
reflection. As the shoulder piece is shaped like a cylinder with a vertical axis, that 
window, which is rectangular with a semicircular top, must be on the left-hand wall of 


the main nave and, may indeed be the source of light that illuminates the characters. 


Close-up of the shoulder and back pieces of Montefeltro’s armour. Two windows can be made out 
in the reflection. The one in the left-hand nave is very bright, and the one in the right-hand nave, Is 
dimly illuminated. Between the two, the nave extends into the darkness, behind the viewer's back. 


Moreover, if we look closely at the back of the duke’s armour, we can see 
another window, this one dimly seen, which would correspond to the one on the 
opposing side of the nave, facing the previous one. It appears a lot darker, as it is on 
the opposite side of the building to that of the Sun, so it must be on the right-hand 
side of the nave. Between the reflections of the two windows, a dark area which is 
more difficult to make out can be seen. It must be the end of the church, probably 


with the main door, located behind us, the viewers. 
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Light, location, time of year and time of day 


The light coming from the left-hand side creates a problem. Many critics who have 
studied this magical light, which illuminates the whole scene and enters the building 
through two different windows, are of the opinion that it has been invented, or im- 
agined. If the church was properly situated, that is, with the apse pointing east, south 
would be to our right and, therefore, light could never enter from the left side of 
the scene. We are going to demonstrate that both statements are open to conjecture. 

We do not know if Piero based the painting on a real church, but we can assume 
that he was at least inspired by the sights of Urbino. Therefore, although possibly 
only in his imagination, the painted scene may be located close to the city. At this 
point, and given the meagre dimensions of the building represented, we should call 
it a chapel rather than a church. We can therefore consider our chapel to be located 
in Montefeltro’s city. The ducal palace in the centre of Urbino is located at 43° 43' 
26" north and 12° 38' 13" east. 

In a properly orientated church constructed at this latitude, the light enters from 
the right-hand side so that, at midday, when the largest mass is being held, the sunlight 
enters through the right-hand branch of the cross-shaped building and illuminates the 
altar during the Consecration of the Host. However, the 23° 30' of inclination of the 
ecliptic with respect to the plane of Earth’s equator means that in winter the Sun rises 
slightly to the south-east and sets slightly to the south-west. In summer the opposite 
happens: the Sun rises slightly to the north-east and sets slightly to the north-west. 
If we observe the light that is projected onto the apse (see the detail below) we can 
see that it illuminates the egg and projects the arch of the left-hand branch of the 
cross onto the shell. The panels of this arch are highly illuminated by the light that 
passes through the arch, almost 


perpendicular to them. 
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In the next image we can appreciate that for the sunlight to be able to fall on 


the egg, this angle must be about 70° from the north-south line. 


The angle with which the light must enter to be able to illuminate 
the egg hanging in the apse (source: FMC). 


So, if we study the sunsets at the latitude of Urbino, we find a short period of. 
the year in which the last ray of Sun forms an angle of less than or equal to 70°.This 
period is brief, an interval of a little more than a week, centred around the summer 
solstice, specifically from 17 to 25 June. Therefore, during those days, the Sun could 
enter a properly orientated church with the angle necessary to illuminate the egg 
and reflect the shadow of the arch onto the shell. Moreover, this only occurs for a 
few minutes before sundown, on all of the days indicated above. | 

We can confirm this statement in several ways. Firstly, by looking again at the 
projection of the arch onto the shell in the painting. The highest point of the curve 
of the shadow reflected is approximately at the right-hand edge of the shell. If we 
measure how much that point has fallen compared to the arch, we will see that it is a 
very small amount, a little more than a quarter of the radius of the arch, that is, little 


more than a Florentine braccio. Without going into detailed trigonometric calculations, 
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we can say that it is a perceptibly horizontal light, which would correspond to the 
light at dusk, a short time before sundown. 

Therefore, we can say with a small margin of error that if we begin with the 
hypothesis that Piero’s painting is set in Urbino, in a real or imaginary church with 
correct orientation, the scene represented would take place during the last week of 
June, at around seven o’clock in the evening, shortly before sunset. 

Another conclusion is that for this to be possible, the length of the two branches 
of the supposed transversal nave has to be significantly reduced to the size of two 
and a half Florentine braccios. In the same way, there would have to be a window in 
the west wall of the left-hand side of that nave, more or less on the vertex of the 
angle shown in the previous figure. 

Finally, the mysterious pale light that fills the scene allows us to appreciate the 
existence of a lightly coloured altar or one that is covered with a light cloth, in the 
apse, hidden by the characters who populate the scene. We can see the light reflected 
from this altar illuminating the lower part of the moulding on the left-hand side of 


the presbytery. 


Reflection of the light on the moulding on the left-hand side of the presbytery. 
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The Pala di Brera in three dimensions 


In order to finish our look at the Pala di Brera from a mathematical perspective, and 
as a way to compile all the information that we have been discovering, we have made 
an approximate 3D reconstruction of the scene. We have used the information that 
can be deduced from the painting and eschewed any artistic licence when it comes 
to describing what cannot be seen or that which cannot be calculated. 

The measurements of the model are those that we have calculated in the previous 
sections, as well as the measurements of the people shown. The location has been 
determined as the geographic coordinates of Urbino. The lights and shadows which 
can be seen in the various images correspond, as per that shown, to the light of 
Urbino on 21 June at 7:15 in the evening. 

We have not extended the nave beyond the plane of the drawing, therefore the 
windows of which we have spoken, those which can be seen in the shoulder piece 
and on the back of the duke’s armour, are not represented. However, the light which 
illuminates the characters in our model comes substantially from those same places. 

There are nine views of the same 3D model with the same light source. The first 
is very similar to Piero’s painting. The egg appears to be suspended over the Virgin 
Mary’s head and the symmetry is central. 

In the second, the model as a whole can be seen from a distance, 

The third shows the vaults from the height of the cornice, from one of the vertices 
of the painting at the crossing of the naves. 

The fourth looks from a high angle and behind the egg, facing the characters, 
who appear with their backs to us. 

The fifth (and the seventh) is from a high point and from the front, so as to show 
us the distance that actually separates the position of the egg from the gathered 
figures. The sixth shows this in reverse. 

In the eighth, the viewpoint is higher than that of the first, in an attempt to ease 
any flattening effects so that we can appreciate the depth of the nave more easily. 

Finally, in the ninth we wanted to offer a perspective opposite to that shown in 
the original painting. Maintaining the symmetry, the viewpoint has been placed on 
the central point of the cornice of the apse. The egg, in the foreground, suspended 
over the Virgin’s head, seems enormous and appears to be framed by the vault under 


which the characters are located. 
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View 8 


Source: FMC. 
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We have tried to analyse some aspects of this splendid piece by Piero della 
Francesca. Undoubtedly, our musings, even from a mathematical point of view, 
are just a few of the many possible approaches. In making them we have felt like 
accomplices to this mathematician and painter who did not overlook any detail in 
conceiving the space, the objects, the characters and the light that illuminates them. 

The ploys that the painter employs to play visual tricks on the viewer become 
conspiratorial winks for those who step into the canvas to discover them. Piero the 
man comes closer to us when we learn his language, discover his keys and appreciate 


his art from a mathematical point of view. 
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Chapter 4 


El Greco, Zurbaran and 
Velazquez Through the Eyes 
of a Mathematician 


In this chapter we are going to analyse three works by three of the great painters of 
the turn of the 17th century. They are Doménikos Theotokopoulos, better known 


as El Greco, Francisco de Zurbaran and Diego Velazquez. 


El Greco and the fourth dimension 


Doménikos Theotoképoulos, or El Greco, painted The Baptism of Christ for the 
College of Maria de Aragén in Madrid around the year 1598. It is a big painting, 
measuring 350 x 144 cm, and is clearly divided into two parts. In the lower part, John 
the Baptist pours water from the River Jordan onto the head of Christ with a shell. 
In the upper part, God, surrounded by a host of angels, archangels and a smattering 
of cherubs, contemplates the scene from heaven, delighting in it. Above the head 
of Christ are a red blanket, a sign of sacrifice, the baptismal shell and a dove, which 
unites the upper and the lower scenes, and which are the focal points of the painting. 
A well-travelled painting, it currently forms part of the permanent collection of the 
Museo Nacional del Prado in Madrid. 

In 1596 El Greco received commissions for the paintings that were to decorate 
the Colegio de la Encarnacion, a convent and seminary of the Augustinian order, 
although for the best part of the almost two hundred years it had existed, the place 
was more popularly known by the name of its patron, Doha Maria de Cordoba and 
Aragon, a lady of the court of Queen Anna of Austria (1549-1580), wife of Philip 
II of Spain. Philip’s daughter from his marriage with Isabel de Valois, was Infanta 
Isabel Clara Eugenia of Austria (1566-1633).The college was located near the Royal 
Alcazar, residence of the Spanish monarch, to the north-east of the city. 

If Dofia Maria de Arag6én was responsible for managing the construction of 


the convent, Friar Alonso de Orozco (1500-1591), a remarkable character, was 


105 


EL GRECO, ZURBARAN AND VELAZQUEZ THROUGH THE EYES OF A MATHEMATICIAN 


The Baptism of Christ, by E/ Greco, around 
1598, Museo de! Prado, Madrid. 


responsible for its ethos and reputation. This friar and mystic is one of the most 
interesting intellectuals of Philip II’s reign. Infanta Isabel Clara Eugenia and the 
writers Lope de Vega and Francisco de Quevedo, among others, acted as witnesses 
in his beatification. He was finally canonised in 2002 by Pope John Paul I. 
Alonso de Orozco was probably the spiritual and intellectual inspiration behind 
the work commissioned to El Greco. And it was, without doubt, even at that time, a 
very important job, both due to the location of the college and because of the artist 


responsible for the job and the price being paid. Doménikos charged a lot of reales 
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for the completion of the altarpiece, which appears to have consisted of six pieces, 
all of them large, as well as a support structure framing it, which has since been lost, 
and probably some sculptures and a seventh, smaller painting, which was located in 
the centre, above the rest, and which has also been lost. 

The convent was closed in 1809 by decree of José I (Joseph-Napoleon Bonaparte). 
In 1814 the altarpiece was disassembled in order to convert the building into a court 
room, transforming the original floor, which was rectangular with an apse, into a 
rectangle with two semicircles on the shorter sides. Although the building resumed its 
function as a church for brief periods, the altarpiece was never assembled there again. 
Its constituent pieces travelled to various destinations until they were all gathered 
at the Museo del Prado in Madrid, with the exception of the one titled Adoration 
of the Shepherds, which is in the Romanian National Museum of Art in Bucharest. 
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College of Dofia Maria de Aragon or de la Encarnacion, Madrid. 


El Greco carried out his work between the years 1596 and 1600 in his Toledo 
workshop, transferring the various pieces to the convent once they were finished. 
The six remaining paintings, although they deal with themes that are very common 
in Christian iconography, were an absolute innovation. The three paintings in the 
bottom row show a double scene: the Earthly and the Divine, the latter naturally 
being located above the former. In these three cases the composition converges 
towards the centre of the plane of the drawing, representing a shape which is 
reminiscent of an hourglass. Both in The Annunciation and The Baptism of Christ, 
that central convergence is occupied by the Holy Spirit in the form of a dove. From 


a compositional point of view, this unites the divine and the human. 
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Possible original arrangement of the paintings in the altarpiece 
of the College of Maria de Aragon by El Greco. 


On the hexahedron and the tesseract 


The regular hexahedron, perhaps better known as the cube, is the polyhedron most 
often drawn on school boards. Its usual representation in mathematics corresponds 
to figure 1 on the next page — two squares displaced from one another and joined 


by four lines. This is a ‘generative’ vision of the cube. If a square is generated by 
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moving a segment along a dimension perpendicular to the segment (of a line) for 
a length which is equal to that segment, then a cube can be generated by moving a 
square in a dimension perpendicular to the plane that contains it and a length equal 
to the segment that generated it. This generative vision can be completed downwards 
considering the segment as a square of dimension one, generated by a point which 
moves a determined distance. Generalising this idea will allow us to discuss the four- 
dimensional tesseract — or hypercube — which is generated by moving a cube in a 
dimension perpendicular to the three dimensions in normal space, by a length equal 


to its sides. 


figure 1 figure 2 


figure 3 (source: FMC) figure 4 


In any case, the representation in oblique perspective that we tend to use to 
visualise the cube (figure 1) is not even close to being the only one. In figure 2 we 
can see a central conical perspective; this is how we would see a cube if we moved 
our eye close enough to one of its faces, and if it were transparent. Figure 3 shows a 
cube in isometric perspective. The three faces that converge at the same vertex (figure 


4) are seen as rhombus-shaped in this flat representation of the cube. 
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We can do the same thing with the tesseract. Figure 5 shows us the three- 
dimensional representation in conical projection of the tesseract. Figure 6 is 
the isometric projection of it in three dimensions. The faces are all rhombic, 
externally there are only twelve, as the rest of the faces are inside. This is how a 
‘rhombododecahedron’ is formed. It is similar to what we saw with figure 3, in which 
we only see three of the cube’s six faces, as the other three are on the other side of 
the plane of the paper. While in the case of the cube (figure 4) there are three faces 
converging on the same vertex, in the tesseract four cubes do so (figure 7). Finally, 
figure 8 attempts to show two cubes perpendicular to one another but which touch 
along one face, in the same way that two adjacent faces of a cube are perpendicular 


to one another and touch along one edge. 


figure 5 figure 6 


figure 7 (source: FMC) figure 8 


The pages of this book are flat, the figures which we have seen are 2D projections 
of the 3D projections of the 4D tesseract. But this is not a problem: if the reader wants 
to see these projects in 3D, all they have to do is photocopy the following graphics 
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and, with a little patience, assemble the cut-outs. This will allow them to see the 3D 
projections of the tesseract, which can only be seen in 2D here. It will also help to 
get an idea of the ‘generative’ process of changing dimensions. The task (as well as 


being fun) is perfect for understanding the idea of ‘generalisation’. 


Cut-out of the conical projection in 3D of a four-dimensional tesseract (source: FMC). 
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Cut-out of a 3D isometric projection of a tesseract (source: FMC). 


At this point, the reader may be wondering what cubes and tesseracts have to do 
with El Greco’s The Baptism of Christ. The answer, a little metaphorical but no less 
mathematical for it, can be found below. 

Paraphrasing the story by Julio Cortazar, Manuscript Found in a Pocket — which 
in turn paraphrased the title of the Jan Potocki novel The Manuscript Found in 
Saragossa — we have hidden the answer in the title of this section: “El Greco and the 
fourth dimension”. 

If we look at the painting through the eyes of a mathematician, we will see that 
the scenes represented in the upper and lower parts do not correspond to one unique 
viewing point, neither in the drawing, in their iconography, nor from a theological 
point of view. They are, in some ways, like two cubes that touch each other on one 


face, but which are perpendicular to one another: Heaven and Earth. El Greco 
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presents each of them to us as a three-dimensional reality separated from the other, 
one at the top and the other below, but with one square face in common which 
keeps them in contact. And that common face is the Holy Spirit. 

El Greco’s ideas about the universe would be, thus conceived, a space with at least 
four dimensions, in which our 3D universe would be one hyperface developed on 
three perpendicular axes, like the three edges of a cube converging on one vertex. 
The heavens would be another separate 3D reality, another hyperface, transversal to 
ours in the same four-dimensional space. Both, Heaven and Earth, would be adjacent 
hyperfaces of one common tesseract which share a common plane, inhabited by the 
third manifestation of divinity, the Holy Spirit. As a pure formless entity this is able 


to live on the inside of the plane. 


The Baptism of Christ, by E/ Greco. 
Layout of the two perspective projections. 
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We obviously cannot be sure that Doménikos Theotoképoulos was thinking 
in four dimensions when he conceived his painting, at least not consciously. But 
intuitively, perhaps, based on the mystic lectures of Father Orozco, that virtual image 
which we would today define as 4D was playing on his mind. 

And as mathematics, in the process of abstraction, does nothing more than go from 
reality to a metaphor that represents it, we can look at the painting in this way, which 
helps to interpret it, from the mystic-religious point of view, but also the geometric- 
plastic point of view. Thus, the elongated figures that are characteristic of El Greco's 
work would be rectified by a process of projection, in the same way that the square 
faces of a cube are transformed into slim rhombuses when projected isometrically. 

If El Greco’s imagination even sensed any of this, there is no doubt that it is 
because as a painter, looking through the eyes of a mathematician or not, his mind 


must truly be residing in ‘another dimension’. 


-Anamorphosis in a Zurbaran painting 
We are now going to analyse The Defence of Cadiz Against the English, by Francisco 


Zurbaran. This work was commissioned to decorate the Hall of Kingdoms in the 
Buen Retiro Palace. In it were hung twelve paintings of battles of the reign of 
Philip IV, painted by the most esteemed Spanish painters of the time, among them 
The Surrender of Breda, by Velazquez, better known as Las Lanzas. The scenography 
was completed by ten paintings from the life of Hercules, also by Zurbaran, and the 
equestrian portraits of Philip III and his wife, and Philip IV and his wife, as well as 
the portrait of Prince Baltasar Carlos, all of them by Velazquez. 

The Spanish kings had lived in the Real Alcazar in Madrid since the town was 
named the new capital in replacement of Toledo. The Real Alc4zar‘was on the same 
site as today’s royal palace. The original residence was destroyed in a fire on New 
Year’s Eve in 1734. Initially built as a Moorish fortress by Cordoban Emir Muhamad 
I in the 9th century, the Alcazar underwent several renovations and extensions under 
Henry II of Castile and, subsequently, under CharlesV and Philip II, particularly 
after 1561, when the latter decided that he and his court would move to Madrid 
permanently. Philip III continued the modernisation work on the palace, but when 
he died, his successor, Philip IV, wanted to have a second, more comfortable and less 
humid home, where he could rest. This is how the idea of building a new palace in 
the eastern outskirts of Madrid, came about. It was built in an area called El Prado, 


near the allotments that led down a slope towards the Manzanares River. 
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The construction was commissioned to Gaspar de Guzman and Pimentel, Count 
of Olivares and Duke of Sanlicar la Mayor, better known as Count-Duke of Olivares, 
who probably chose the site for the construction, next to the Cuarto del Rey. Philip 
II had constructed this as an annex to the cloister of the Jerénimos.The palace had to 
be built as quickly as possible, and Olivares promised to complete it in 1634.Alonso 
Carbonel was appointed as the master builder of the construction. 

The building was erected by bringing together various elements that extended 
the Cuarto del Rey, making it into a true palace, with large courtyards for receptions 
- the first dwarfed by a second. The declining wealth of Castile meant that the 
materials used were not especially splendid. In order to compensate, it was considered 
that the interior should be magnificently decorated, with the best furniture, the most 
beautiful tapestries and paintings of the Spanish kingdoms and other places created 
by the period’s most famous painters. 

Olivares delivered the building on time, although the internal decoration was a 
frantic rush. He commissioned Spanish painters and even expropriated furniture and 
other palatial items from noble families, who handed them over more or less willingly. 

The most emblematic room of the Buen Retiro Palace was called the Hall of 
Kingdoms, so named after the painted shields of the twenty-four kingdoms ruled 
by Philip IV adorning the walls. It was used as the throne room, and the king 
received ambassadors and high dignitaries there. The idea was to decorate it with 
depictions of the famous victories of the royal armies, in the most remote places on 
the planet. The Hall of Kingdoms was a large, rectangular room of approximately 10 
x 30 m and it occupied one of the wings of the palace. Twelve paintings of battles 
were commissioned from the period’s best painters: Velazquez, Maino, Zurbaran, 
Jusepe Leonardo and Cajés, among others, as well as various pieces to complete the 


decoration. Most of them are currently in the Museo del Prado. 


Apart from the Cason del Buen Retiro, which now forms part of the Museo del Prado in Ma- 


drid, all that now remains of the old Buen Retiro Palace is one of the wings that overlooked 


the great courtyard; one of the four sides of the square that surrounded it. Until recently it 


housed the Army Museum, and in the future it will also form part of the museum building. 


Inside it we can find the Hall of Kingdoms. 


145 


EL GRECO, ZURBARAN AND VELAZQUEZ THROUGH THE EYES OF A MATHEMATICIAN 


The battles represented took place in a very short period of time and, although 
magnified by the regime, with the passing of time they all became fairly irrelevant 
from a political point of view. As well as these magnificent paintings, in many cases, 
the battles were also dramatised by the best playwrights. 

For example, on June 2, 1625, the besieged troops of the city of Breda, under 
the command of Justin of Nassau, surrendered to Ambrogio Spinola, Marquis of the 
Balbases. That same year, Calderon de la Barca premiered his The Siege of Breda. The 


scene culminates with the handing over of the keys: 


Justin: 
These are the keys 
to the fortress, and I affirm 
that it is not fear 
which forces me to 
deliver them, for I would be 


less pained by death. [...] 


Possible arrangement of The Surrender of Breda and The Defence of Cadiz Against the English in 
the Buen Retiro Palace’s Hall of Kingdoms (source: FMC). 
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Spinola: 
Justin, I recetve them, 
and I know how valiant 
you are, and that the valour of the conquered 
makes famous the conqueror. 
And in the name of Philip 
the Fourth, may he reign for centuries, 
with more victories than ever, 
as content as always, 


I take possession of them. 


Without doubt, this theatrical scene would later inspire Val4zquez in the 


composition of The Surrender of Breda. 


Painting a battle 


Another of the battles commissioned to decorate the Hall of Kingdoms is The Defence 
of Cadiz Against the English, an oil painting on a 302 x 323 cm canvas, painted by 
Francisco de Zurbaran and today housed in the Museo del Prado. _ 

On 1 November 1625, an English squadron composed of one hundred ships 
and ten thousand men, at the command of Sir Edward Cecil, Viscount Wimbledon, 
attacked the city of Cadiz. The defence of the city was the responsibility of Fernando 
Giron, Ponce de Leon, who had been a war advisor and had offered himself to Philip 
IV as governor of Cadiz despite suffering from gout and being practically disabled. 
Zurbaran therefore represents him sitting down, giving orders to Sir Diego de 
Ruiz, his field lieutenant. Juan Manuel Pérez de Guzman y Silva, Duke of Medina 
Sidonia and commander of Andalusia, also took part in the defence. He is probably 
the gentleman in black, with the cross of Santiago, standing behind Girén’s chair. 

By the morning of 8 November, the fight leaned towards the Castilian side and, 
demoralised and severely harangued, the English troops abandoned the battlefield. This 
feat, as with the events in Breda, was replayed on the stage by Rodrigo de Herrera 
under the title Faith has no need for arms and the coming of the English to Cadiz. 3 

The descriptive detail of the portraits grabs the attention, undoubtedly due 
to the fact that the event being commemorated was so fresh in the memories of 
its creator and protagonists. The king and Olivares certainly knew those involved 


and, therefore, the painting had to fulfil the function, among others, of a collective 


117 


EL GRECO, ZURBARAN AND VELAZQUEZ THROUGH THE EYES OF A MATHEMATICIAN 


The Defence of Cadiz Against the English, by Francisco de Zurbaran, Museo del Prado, Madrid. 


portrait. But, at the same time, the composition seems strange. The two planes, the 
first with the characters and the second with the landscape, do not seem to fit each 
other. It could be thought that a theatrical scene was being represented, in other 
words, the characters on a stage and the flat landscape, decorated without depth, in 
the background. Also, the characters have a pear shape. 

In its current location in the Museo del Prado, the painting occupies an entire 
wall in a small room, less than halfa metre above the floor. Everything in the painting 
gives the sensation of being badly conceived, as if Zurbaran did not have a very good 
command of drawing in perspective. In fact, that is what a lot of critics say when 
they contemplate the work. 

Looking at it from a mathematical point of view we can see that to find the 
reason for these discrepancies we only see them in the painting’s current location in 
the museum. Zurbaran’s execution of this work was not clumsy. On the contrary, the 
great painter deformed the drawing in the painting on purpose, so that, once it was 
in the place it had been conceived for, the visual deformations were compensated 


for, thus achieving a perfect image. 
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A mathematical view of The Defence of Cadiz 


The first hypothesis we looked at was that the painting had been conceived to be 
hung higher up, and we set about determining by how much higher. If we place 
a rectangle at a height and focus on the centre, it will become an isosceles trape- 
zium. The deformation will depend on the height h at which we place it and the 
distance d, measured from the ground, between the painting and the observer. The 
value of d is estimated at 4.5 m given the size of the painting. This just leaves h to 
be determined, or rather, how much the upper edge of the trapezium and its height 
are reduced based on h. With a few trigonometric calculations it is not difficult to 
approximate the magnitudes based on h.The calculations lead us to the conclusion 
that it is most likely that the painting was hung in such a way that the lower side 
of the frame was at the height of the spectator’s eyes. But, as we will see, with a few 
geometric calculations the reasoning is much simpler. We are going to start with this 


hypothesis and try to confirm it experimentally. 


— ee ee 


Projection of a viewer's gaze in The Defence of Cadiz (source: FMO). 
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Let’s put ourselves in the Hall of Kingdoms, in front of Zurbaran’s painting, at a 
distance of more or less 4.5 m. When looking at the landscape we fix the vanishing 
point of our image in the centre part of the line of the horizon (shown by a dot 
on the diagram). On the right-hand side we are going to construct the profile 
of the scene. To do so, we transfer the size of the painting, AB, and the vanishing 
point, C.The spectator looks towards C, and the virtual image of what they see is 
formed, therefore, on a plane that is perpendicular to the line from their eye to C, 
plane AD.The painting appears to be tilted, that is, the upper part is further from 
the spectator than the lower part, which means it looks narrower to us. Also, the 
apparent tilt means that the height of the painting appears reduced. We are going 
to try and calculate by how much. | 

We see the painting as ifit were tilted within a box, that indicated by lines AEFD. 
We project the upper edge of the painting B into that box, giving us point E. If we 
draw a line from the spectator’s eye to point E and another to point B, these visual 
lines will fall on the plane of the image at points E' and B' respectively. Finally, a 
visual line drawn to vanishing point C falls on point C' on the plane of vision. It 
is now a case of reconstructing what the spectator sees on the plane of the image. 

We have determined three points on the plane of the image B', C' and E'. Now 
we are going to transfer the measurements which determine these points on the 
painting to calculate the dimensions of the trapezium seen by the spectator. 

Now let’s place the spectator to the right, in front of the painting. We transfer 
B' C'and E'", which become B", C" and E" respectively. Point B" determines the 
height at which the spectator sees the upper part of the frame. Point C" determines 
the line of the horizon, at the central point of which the perspective lines of the 
floor converge. Finally, drawing a horizontal line at height E' we get two points 
of intersection with the lines converging towards the vanishing point. Extending 
these vertically onto the horizon line that passes through B", we get two more 
points. Finally, joining these two points with the baseline of the painting, we can 
determine the trapezium in which the virtual image seen by the spectator is found. 

It we look at that trapezium, framed by a white line in the picture, we can even 
appreciate the sensation of apparent backwards inclination.The painting’s image will 


appear anaphorically deformed, enclosed in the trapezium. 
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The deformation of The Defence of Cadiz in the eyes of an observer (source: FMC). 


Thanks to image processing software, it is not very difficult to carry out this 


transformation. Applied to the painting using such software, we can finally get an idea 


of what would be seen by a person wandering through the Hall of Kingdoms in the 


Buen Retiro Palace and stopping before the painting The Defence of Cadiz Against the 


English by Zurbaran. 
The image they 
would see would be 
more or less as seen 


here. 


Anamorphic projection 
of The Defence of Cadiz 
Against the English, 
simulating the view of 
an observer in its original 
location. 
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The characters have been stylised, their heads are better proportioned and 
slimmer, but, above all, the view of the bay of Cadiz has gained depth and realism: 
it now looks like a landscape and not a piece of scenery. Everything seems to have 
found its place and proportion. : 

We can imagine a certain degree of scepticism among the readers. Was Zurbaran 
really thinking all of this when he painted it? In this case we believe we can say that 
the answer is yes — or at least someone was. If not him, maybe the painter responsible 
for the general concept of the imagery in the Hall of Kingdoms, or perhaps Valazquez. 
One of them conceived and calculated the information so that when they were 
viewed from the centre of the room they were seen ‘properly’. In fact, Zurbaran’s 
painting is not the only one with this type of anamorphosis, the extremely famous 
Las Lanzas, by Velazquez, has the same type of deformation, albeit less apparent. 

The Defence of Cadiz occupied the space at the end of one of the lateral walls 
of the Hall of Kingdoms, and therefore it is a little narrower than The Surrender of 
Breda. The inclination towards the centre of the sides of the trapezium does not 
depend on the width of the painting, but on its height. As this is similar in both, the 
sides incline inwards at the same angle, in such a way that, as Las Lanzas is wider, 
the effect, proportionately, is lesser, and it is more difficult to perceive it at a glance. 
Finally, Justin Nassau and Ambrogio Spinola himself, in the centre of Velazquez’s 
painting, are bowing, thus contributing to the reduction of the pear-shape problem 
in Zurbaran’s painting. The clever use of the spears in the composition helps to 
conceal the anamorphosis, although if we apply the same transformation as we did 
with The Defence of Cadiz, we will see that the proportions of the figures also improve. 

As we mentioned before, all that remains of the Buen Retiro Palace are the Cason 
del Buen Retiro, now detached, the gardens and the north wing, where the Hall of 
Kingdoms is. Until recently the Army Museum was housed there. We hope that in 
the future, once restored and incorporated into the Museo del Prado, the Hall of 
Kingdoms will once again shine as it did in the times of Philip IV, with the battles 
in their original positions. Thus we will be able to see what until now we have only 


been able to appreciate with our mathematical glance. 


Anamorphosis and other deformations 


The Oxford English Dictionary defines the word anamorphosis as “A distorted 
projection or drawing of anything, which appears normal when viewed from a 


particular point or by means of a suitable mirror.’ An anamorphosis is, therefore, 
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a projection or perspective which requires its viewer to use a special device, such 
as a cylindrical or conical mirror, or to be located in a specific position to see the 
reconstructed image. With the help of a computer we can deform an image so that, 
when seen reflected in a cylindrical mirror it regains its original shape. For example, 


let’s start with the cover of a book: 


Pythagoras’ 
Theorem 


The sacred geometry of triangles 


Rverything is mathematical 


We transform the image so that it can be seen using a cylindrical mirror with 
a diameter of 35 mm and a 45° angle of vision. The result is shown in the bottom 


left image. Finally, we see the restored image on the right in the mirror. 


What we can now do with the help of a computer was done in the past by 
drawing a grid on the image and then deforming each square into a corresponding 


sector of the circular crown. 
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HISTORY'S MOST FAMOUS ANAMORPHOSIS 


The anamorphosis that has led to most discussion is undoubtedly the apparent ‘stain’ that 
appears in the centre of the lower part of the painting The Ambassadors, painted by Hans - 


Holbein the Younger. 


The Ambassadors, by Hans Holbein the Younger ( 1533) 
National Gallery, London. 


The painting is filled with symbols related to mathematics. The two characters portrayed are 
Jean de Dinteville, the French ambassador to England, who commissioned the painting from : 
Holbein, and (to the right) Georges de Selve, Bishop of Lavaur and friend of Dinteville, with — 
whom he shared a love of mathematics. As Selve was also ambassador to Rome, Germany, 
the Republic of Venice and the Pope, the painting is known as The Ambassadors. |n the 
piece of furniture that occupies the centre of the painting there is a collection of objects 
which represent the characters’ hobbies: arithmetic, geometry, music and astronomy, which 
form, together with grammar, dialect and rhetoric, . 
the seven liberal arts. The first four were the quad- 
rivium, and the last three, the trivium. But what 
stands out most is the stain, which some have also 
called the ‘cuttlefish bone’. Suspended in the air, it 


does not seem to form part of the painting. This is 


an anamorphosis. Crouching down and looking at 


the painting almost in orofile from the side, the stain 


The ‘cuttlefish bone’, with the 
can be seen to transform into a human skull, drawn anamorphosis corrected, reveals the 


with this strange anamorphic perspective. image of a skull. 
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Velazquez and abstract space 


Now let’s shift our mathematical gaze to the painting of Pablo de Valladolid, which 
is also at the Museo del Prado and which Diego Velazquez painted in 1633. The 


subject was a court performer, and Velazquez represents him mid-recital. 


Pablo de Valladolid, by Diego Velazquez (1633), 
Museo de! Prado, Madrid. 


The great French painter Edouard Manet, upon visiting Spain in 1865, was 
amazed by the canvas and he said of it: “Perhaps the most astonishing piece of 
painting ever done is the painting titled Portrait of a celebrated actor in the time of Philip 
IV (Pablo de Valladolid). The background disappears. It is air that surrounds the fellow, 
dressed all in black and full of life.” _ 

The first reaction of anyone looking from a mathematical perspective is the same 
as Manet’s — amazement. Where is Pablo de Valladolid? What is he floating on? In 


what space is he contained? 
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The idea of space 


The idea of space is one of the great concepts of Western culture and, as such, 
came from the ancient Greeks. Identifying objects for observation and removing 
oneself from them in order to conceive the ‘idea’, in the Platonic sense of the term, 
is a process that is complex but understandable in its development. When children — 
learn languages they gradually acquire knowledge of the words. They pick up, for 
example, the concept of ‘table’ from the tables that they have seen. Starting with a 
specific table, let’s say a typical one with four legs, they quickly disregard the number 
of legs (there are tables with one, three, four, or more legs, and even those that are 
attached to the wall with none).The shape of the table is disregarded, as it does not 
have to be rectangular (there are round, square and triangular ones, etc). Even the 
horizontal plane of the tabletop is disregarded; is a lectern not a table with a slight 
incline to ease the job of reading? 

To define is, mathematically speaking, to divide up objects according to criteria, 
which allows us to classify any object as belonging to a defined category — or not. 
This is why it is interesting to tackle the problem of defining and its difficulties. Is 
it sufficient for us to ask a simple question: “What is a table?” The first attempt will 
not be enough, as it will not cover all the possible tables. If we persevere we will 
get into the process of determining which characteristics are essential to the idea 
of a ‘table’ and which are not and, subsequently, which belong to specific tables but 
not to all of them. It is a direct way of tackling abstraction using logical thinking. 
The exercise will lead to the world of mathematics. And, as we have said, the idea 
itself of definition is, in essence, mathematical. 

But if the process of abstraction for going from objects to concepts is relatively 
achievable, to conceive an idea such as that of ‘space’ forms part of a different process. 
We are not talking about objects, but something that contains them. In effect, perhaps 
the only characteristic of the concept of space is that it contains things. Therefore, 
its origins are linked to the idea of a house, a temple and the great container of all 
tangible things that can be perceived by the senses. Thus, the idea of space becomes 
one of the categories with the greatest weight and relevance in Western thinking. 

However, while the concepts linked to tangible things have a passive need for 
perceptual experience and intelligence, the idea of space requires operative, rational 
and therefore, in some way, mathematical behaviour. Thus, it is not surprising that 
its origin coincides with other mathematical concepts, and that to find it we may 


need to look to the Pythagorean school of the sixth century BC. 
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The idea of space is inseparably linked to the concept of ‘continuousness’, and 
also, given the mathematical melting pot from which it is born, to position and 
distance. Zeno of Elea, a century after Pythagoras, spoke of space again in his famous 
space-time paradoxes. 

The next step on this path is taken by Plato in Timaeus, in the second half of the 
4th century BC, Plato states: 


“Being, space and generation, these three, existed in their three ways before the 
world was born.” 3 ; 


Firstly it covers being and generation and says of such things: 


“The one [being] is always in company with true reasoning, whereas the 
other [generation] is irrational; and the one is immovable by persuasion, 
whereas the other is alterable by persuasion; and of the one we must assert 
that every man partakes, but of reason only the gods and but a small class of 
men. This being so, we must agree that one kind is the self-identical form, 
ungenerated and indestructible, neither receiving into itself any other from 
any quarter nor itself passing any whither into another, invisible and in all 
ways imperceptible by sense, it being the object which it is the province of 
reason to contemplate. And a second kind is that which is named after the 
former and similar thereto, an object perceptible by sense, generated, ever 
carried about, becoming in a place and out of it again perishing, apprehen- 


sible by opinion with the aid of sensation.” 


Thus, the ‘being’ is ideas, in the Platonic sense of the term, which are immutable, 
intangible and only reachable through true reasoning and intelligence. The 
‘generation’ is reality that is perceptible with the senses, changing, generated with 
a start and an end, perishable, similar to being but different to its reality. Between 
both there is space: 


“and a third kind is ever-existing place, which admits not of destruction, 
and provides room for all things that have birth, itself being apprehensi- 
ble by a kind of bastard reasoning by the aid of non-sensation, barely an 
object of belief; for when we regard this we dimly dream and affirm that 
it is somehow necessary that all that exists should exist in some spot and 
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occupying some place, and that which is neither on Earth nor anywhere in 


the Heaven is nothing.” 


All the important characteristics of our intuitive idea of space are contained in 
this Platonic definition. 

Space is, therefore, something that falls between being and generation. And if 
being can only be achieved by means of true reasoning, the strict use of reason, 
we can only arrive at the idea of space through fuzzy reasoning. Space, although it 
does have some of the characteristics of being — it is immutable, indestructible and 
unchangeable - is a container of the tangible, that which is perceptible to the senses, 
and this removes it from the essence of being. It is space that gives that which exists 
its essence, because only that which occupies a place and a position exists. 

Perhaps it is in this environment, half-way between ‘being’ and ‘generation’, where 
what has been learnt through ‘bastard reasoning’ is located, and is where that which 
is ‘difficult to believe’ resides. 

If we said that the first idea of space is our container, the home, or to the gods, 
the temple, it is not surprising that, when the idea of space becomes a cultural idea 
and transcends jargon to enter common vocabulary, it is architecture — specifically 
Greek architecture — that is the first aesthetic embodiment of space, the first actual 
contact between the mathematical idea of space and the world of art. 

If space is immutable, architecture is a way of organising it, of drawing reference 
lines that structure it, of raising walls that delimit it, that define subspaces contained 
within it, but mirroring the space itself. Mathematics thus behaves, in some way and 
from the start, as a mediator in the process of virtualisation of that which surrounds 
us, contributing geometry, which in symbiosis with art is the basis of architecture. 

This did not occur with painting, at least not at that time. In painting the process 
is much slower and more laborious. The virtualisation of reality, of the tangible, on the 
surface of a painting constitutes a substantial difficulty. While we conceive the space 
in three dimensions, the surface of the pictorial support is flat.A process of conversion 
is needed so that the way in which the eye perceives something, when looking at a 
space, coincides with what appears virtually when looking at the painting. 

From this desire to make what is seen in the painting believable comes the need 
to find a means of representation. And although the first intuitive attempts can still 
be seen in some frescoes in Pompei, the suitable technique was not discovered until 
the Renaissance. As we have seen, the painting’s moment, in terms of the concept of 


space, arrived in the quattrocento with the invention of perspective. 
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With it,a new concept of the nature of space was born in painting. It is no longer 
just the container of the real objects — or those that can be ‘portrayed’ — but also of 


imaginary objects which, when painted, become virtually real. 


The space of Descartes and Newton 


In the 17th century the mathematical idea of space began to evolve. There were 
several attempts to better define space, based on Platonic ideas. Descartes defined 


it as follows: 


“... The subject matter of geometers, which I understood as a continuous 
body or a space extended indefinitely in length, width, and height or depth, 
divisible into various parts, which could have various figures and sizes and 
be moved or transposed in all sorts of ways, for the geometricians assume all 
that in their subject matter.” i 

(Descartes, 1637) 


Newton, for his part, formulated the idea of ‘absolute space’: 


“Absolute space, in its own nature, without relation to anything external, 
remains always similar and immovable.” 
(Newton, 1687) 


As we can see, both definitions continue to reflect the same paradigm of a space 
containing that which exists, although with a greater level of abstraction, defined 
more precisely. But it continues to bea space connected to the idea of nature, that 
continues to try and interpret reality in terms of that which is perceptible to the 
senses. However, it is already an abstract space, that exists beyond the existence 
itself of the objects it contains, subjected to rules that are themselves subject to 


geometrical analysis. 
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Pablo de Valladolid 


The Velazquez painting that we are considering and the idea of space as enunci- 
ated by Descartes were contemporaries, and fundamentally concordant in their 
conception. The background of this Velazquez painting is fascinating because it is 
not real, in the sense of representing something specific, except for space itself, in all 
its abstraction. Spanish philosopher Ortega y Gasset (1883-1955) reflected on the 
background of this painting: 


“It is a series of pigments which do not seek to represent any specific or 
diffuse, real or imaginary, object. What we have in front of us is not a thing, 
it is not even an element. That is not earth, it is not water, it is not air. In the 
intention with which the creator made these brush-strokes it is, of course, 
evident to us that he seeks to exclude from our view any allusion to figure 
or form, emptying our attention of anything other than the knave’s body. 
To this end he coats the canvas with a homogeneous and formless material, 


in which nothing attracts or distracts, and, also, for it he employs a brownish 


Three paintings inspired by Pablo de Valladolid by Velazquez. From left to right: Philippe Rouviére in 
the Role of Hamlet, by Edouard Manet (1865-1866), National Gallery of Art, Washington; Francisco 
Cabarrus, by Goya (1788), Banco de Espana, Madrid; The Fifer, by Edouard Manet (1866), Musée 
d’Orsay, Paris. 
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colour which is not the colour of anything, a colour invented ad hoc in the 
workshop to exclusively serve the technical purpose of painting — highlight- 
ing the figure of Pablo and its volume and corporeality [...]”. 


Ortega y Gasset adds: 


“Let us examine the little of Velazquez’s painting that allows us to qualify 
it as realism. Even allowing for a moment that this reference is valid for 
the way in which the character is painted, it is not valid for the painting, 
because the painting is not only the figure, but also the background, and this 
background is not only not realist, but it is not even unrealist, but frankly 


de-realist, as it seeks to nullify all resemblance of object.” 


So far we have shared the thoughts of Ortega, which he makes with great aplomb. 
However, from a mathematical point of view, allow us to humbly take issue when 


he states at the end of his comment: 


“Here Velazquez wanted to create nothing around Pablillos, surrounding 


him with an arbitrary invention which is a mere workshop experiment.” 


The ‘nothing’ that surrounds Pablo de Valladolid is not an ‘arbitrary invention’, 
it is space itself, in its mathematical conception. As such, it is not arbitrary. It is 
not driven by Velazquez’s will or whim; rather, it is subject to rules. The space of 
Descartes, of Newton, is embodied brilliantly in his minimal expression, just a touch 
of colour, barely a shadow, with no edges, continuous, infinite, immobile, with no 
relation to anything external, with the sole intention of highlighting the figure of 
Pablo de Valladolid. 

We look at this painting through the eyes of a mathematician and we see in 
the background what before was only possible to imagine, something apparently 
impossible to paint: a portrait of space. That is why, “when we regard this we dimly 
dream and affirm that Pablo de Valladolid necessarily has his place and occupies his 
space, and that, precisely for this reason, “this fellow, completely dressed all in black, 


is full of life.” 
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A further look at this Velazquez painting 


Our voyage through the ideas of space suggested by this painting, which we began 
with Pythagoras, does not end with Newton, of course. Mathematical and artistic 
creation have continued to evolve since the 17th century until now, and the parallels 
in their development have been ever-present through time. 

If Velazquez’s Pablo de Valladolid represents the paradigm of Cartesian space, of the 
Newtonian model, in the first third of the 20th century the Vanguards and their 
contemporary mathematicians would again find themselves around new ideas of 
space, conceived as a set of points, and their relationships, applicable from many 


starting points, can transforms those points into a network. 
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Architecture and Geometry 


Numbers and shapes in Rome's Pantheon 


“Among all the temples that are to be seen in Rome, none is more celebrated 


than the Pantheon, now also called the Rotunda, and nor has any remained more 


- entire, to the point that it can be seen almost as when it was constructed, but for 


the spoiling of the statues and other ornaments. [...] This temple was called the 


Pantheon, because after Jupiter it was consecrated to all the gods; or perhaps (as 


others will have it) because it is of the shape of the World, that is, round; being 


as much in height from the floor up to the opening, where it receives light, as 


it is in breadth from one wall to the other. As one descends now to the floor, or 


pavement, one formerly ascended by steps.” 


These words begin the description of the Pantheon in Rome by architect Andrea 


Palladio (1508-1580). Its geometry is truly unique. There was a first Pantheon 


built in around 27-25 Bc by Marcus 
Vispanius Agrippa, son-in-law of Octavian 
Augustus, as part of a plan to redevelop 
the Campus Martius. Agrippa, at the 
time the third consul, had it built at his 
own cost. This first temple had a rectan- 
gular plan, with the cella (inner chamber) 
arranged transversely, that is, wider than it 
was deep. It was orientated in the oppo- 
site direction to the current one. The 
original building and the plaza shared the 


Section of the Roman Pantheon which appears in | 
Quattro Libri dell’Architettura by Andrea Palladio. 
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current axis of symmetry. The cella had the same width as the diameter of the ro- 
tunda, and the original depth of the building was equivalent to the current portico. 

A fire completely destroyed the building in the year 80 AD, but it was restored in 
the time of Domitian, emperor from the year 81 to 96. This new temple, in turn, was 
also destroyed in the reign of Trajan, who ruled from 98 to 117.The current building 
is, therefore, the third, and was erected in the time of Hadrian (emperor between 117 
and 138), although perhaps based on a project commissioned by Trajan shortly after 
the destruction of the second. The work lasted a long time, and the inauguration took 
place during the reign of Hadrian, some time between the years of 125 and 128. 

The name Pantheon, in some people’s opinion, is owed to the profusion of statues 
of gods in its interior, although according to some, and as indicated by Palladio 
himself, it comes from its spherical form, which can be related to the celestial vault 
and associated with the seven astral gods: the Moon, Mars, Mercury, Jupiter, Venus, 
Saturn and the Sun, which in turn correspond to the seven days of the week in 
many languages. 

The exterior of the temple is currently composed by an octastyle portico, that 
is, one with eight columns, covering a pediment with proportions different to those 
in more traditional temples. For example, in the Parthenon in Athens the height of 
the pediment’s triangle in relation to the height of the temple has a ratio of one to 
four; in the case of the Roman Pantheon this ratio is one to three. In other words, 


compared to the Greek temples, Hadrian’s pediment is taller. 


Exterior of the Pantheon in 
Rome (source: FMC). 
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The space of the portico, with a rectangular plan, is joined to the cella by means 
of a chamber, which has a circular form. Together, the three modules, from the 
exterior, appear to the current observer to be a juxtaposition of elements without 
any formal unity or harmony. The cylindrical body, which is three stories high, with 
a lowered cover, which modern visitors would identify from the air as a kind of 
flying saucer, seems enormous in proportion to the portico,. The division into three 
floors is marked on the exterior by means of three cornices. The second of these 
corresponds to the equator of the interior dome. The third exterior floor, without 
an interior equivalent, appears due to the need to extend the height of the perimeter 
wall, adding height and resistance in order to be able to ease the lateral tensions of 
the enormous weight of the dome. 

The exterior appearance of the building in Hadrian’s time was completely 
different. The cylindrical body was hidden from the square, which was much larger 
than it is now. A colonnade similar to that of the portico, only shorter, surrounded 
three of the four sides joining the main facade to form a unit. The visitor, lost in the 
immense square, would pass from an open, rectangular space surrounded by columns 
and very brightly lit by the Roman sun, into a circular, indoor area which was much 
darker, and in which a shaft of intense light burst through the oculus, generating an 
atmosphere of contrasting light and well-defined shadows. The exposed space led to 


another secluded indoor space, the dimensions of which are overwhelming. 


Interior of the Pantheon in Rome; the photographs show the dome with its oculus open to the sky 
(source: FMC). 
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~The architectural and mathematical conception of the unit is attributed to 
Apollodorus of Damascus (circa 70-130), who had worked for Trajan oe other 
jobs and particularly on the conception of Trajan’s Column and the forum built by 
that emperor. He also worked with Hadrian on some buildings in Hadrian’s villa 
in Tivoh. A comment by Apollodorus on the architectural aptitudes of Hadrian, 
who was already a lover of architecture before he became emperor, comparing a 
drawing of a dome by Hadrian to a pumpkin, led to his fall from grace years later 


and subsequently to his exile and death. 


CICERO AND THE PALATE OF THE SKY 


A text by Cicero (106-43 Bc) from his On the Nature of the Gods (book Il, chapter 18) high- 
lights the importance in Roman cosmology of the sphere as the perfect shape and, therefore, 


“the only one possible for the universe. He states: 


“You say that you regard the cone, the cylinder and the pyramid as shapes more 
beautiful than the sphere [...]. This is not a view | share; let us suppose, however, that 
these shapes are move beautiful, at least in appearance. For what can be more beau- 
tiful than the shape which alone embraces and gathers all other shapes, which can 
exhibit no rough surface, no jagged projections, no angular indentations or bends, 


no protuberances or yawning gaps? There are two shapes which excel all others, in 


solid bodies, the globe, [our translation of the word o@oapal, and in planes, the circle 
or orb, which the Greeks call «oKAoc. These two shapes alone are closely similar in all 
their parts, with the circumference equidistant from the centre at all points, which is 
a sign of complete perfection. And if you are not capable of understanding this it is 
because you have never walked the erudite dust of geometry. [..:] Even if Epicurus 
had learnt that twice two is four, he never would have realised that the universe is 
spherical. Busy in judging what is best for his own palate, he fails to raise his eyes to 


Ennius’ ‘palate of the sky’.” 


Also note that the sentence addressed to the Epicureans ("If you are not capable of under- 
standing this it is because you have never walked the erudite dust of geometry”) makes 
reference to the dust used by geometers, spread out on the floor or on a board, in order to 


draw shapes. 
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YOURCENAR GIVES VOICE TO HADRIAN TO . 
DESCRIBE THE PANTHEON 


“Never had spring in Rome been softer, more 


vibrant, more blue. That same day, with a 


more leisurely and almost muted solemnity, 


the ceremony of its consecration took place 


in the Pantheon. | had already personally 


corrected the excessively timid plans of the 


architect Apollodorus. Utilising Greek art only . 


for decoration, as an added luxury, for the 


structure of the building | was inspired by the 


primitive and fabulous times of Rome, in the 


circular temples of Ancient Etruria. | wanted 


the sanctuary of all the gods to reproduce 


Belgian writer Marguerite Yourcenar. 


the global shape of the earth and of the ce- 


lestial sohere, the globe which encloses the 


seeds of eternal fire, the empty sphere which contains everything. It was also the shape of 


those ancient huts where the smoke of the most archaic human homes escaped through 


an orifice created at height. The dome, constructed of hard and light tufa seemed to have 


recently come out of the rising movement of the flames, communicated with the sky through 


a great, alternatively black and blue opening. The temple, open and secret, was conceived 


as a solar quadrant. The hours would rotate in the centre of the floor, carefully polished by 


the Greek craftsmen; the disc of the day would rest there like a golden shield; the rain would 


deposit a pure puddle; the oration would escape like smoke to that empty space where we 


place the gods. ” 


Memoirs of Hadrian, Marguerite Yourcenar 


The interior is dominated by the presence of the imposing hemispherical dome. 
At its top there is an exposed oculus which measures 30 Roman feet in diameter 
— the equivalent to 8.92 m — which is the only source of light. On rainy days the 
water penetrates the oculus and falls on the square and circular mosaics which cover 
the floor. The pool provides reflections of the dome on the floor, producing a vision 
in which we can partially see how the reflection of the dome completes the sphere 


and closes it in on itself. 
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The interior geometric structure is both simple and harmonious. It is a sphere at a 
tangent to a cylinder.The radius of the sphere is equal to the height of the interior of 
the drum. In other words, from the inside we see a cylinder whose height is half the 
diameter of its base. This cylinder is divided into two floors by circular cornices. The 
upper cornice coincides with the impost line of the dome, and its centre coincides 
_ with that of the dome, which is thus perfectly semi-spherical but for the cut-out on 
the horizontal plane, very close to the apex, which is the site of the oculus. 

The interior width of the building is 43.44 m — the equivalent to 150 Roman 
feet — and the radius of the sphere is 21.72 m. On the lower floor of the cylindrical 
part there are seven shrines with alternatively semicircular (three of them) and 
trapezoidal (the remaining four) plans. All of them are distyle, that is, the opening is 
divided by two columns, except for the main one, which holds the main altar and 
is located opposite the main entrance. This ‘apse’ is also distyle in form, but instead 
of the columns sharing the space of the opening, they are located at its sides. Also, 


there is an eighth recess in the load-bearing wall, which is the temple’s entrance. 


“A DOME VAST ENOUGH TO COVER THE 
Betis TUSCAN POPULATION” 


Above, Alberti’s sentence in De Pictura, written in praise 7 his 
friend Filippo Brunelleschi, is clearly an exaggeration. However, 
the dome that Brunelleschi designed for the cathedral in 
Florence is very big and both from an architectural and 

_ aesthetic point of view it is a marvel. Its construction, : 
without the use of ground support, but instead © 


relying on a self-sustaining system, can only be 


compared to the dome of Rome's Pantheon. 


- However, Brunelleschi’s is much lighter and 
slimmer. For the artists and humanists of the 
quattrocento this dome is the demonstration 
that the art and science of the Ancient 
World, which they admired so much, wasf aw 
not only achievable but surpassable 15 use i 
centuries later. | The Cupolone, by Filippo Brinelicschi 
(source: FMC). 
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The floor, which is essentially 
original, is slightly convex, so that 
the rainwater, which falls through the 
oculus, can leave through the drainage 
channels, which are below the floor. 
The drawing on the floor is a kind 
of checked pattern of square frames 
that contain, alternately, smaller 
concentric circles and squares. The 
alternation begins in the centre, in 
which there is a square with a circle 


inside it, and extends from there in 


all directions. 

The dome was created using Geometric diagram of the interior of Rome's 
concrete and porous stone, tufa and Pantheon (source: FMC). 
volcanic ash to reduce its weight. It 


was raised using forms. The interior 


=m 


surface is decorated with five orders of 


28 coffers (sunken panels) each, which ce . , 
; = L] 
not only serve a see sy purpose elalelale e A. 
but also lessen the total weight of the lolnte) Ele 
structure. OOOOOO 
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The central angle between the —_ 
dome’s equator and the upper parallel Oo O ne 
of the last order of coffers is 51°.The ooogdd 
intermediate parallels divide the arch mie 
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that goes from the equator to the 


é, 


upper parallel into five equal parts. In 
other words, all the coffers are equal 
in height, and the higher the order, 


the narrower they are in width. 


Floor of the Pantheon in Rome, 2nd century AD 
(source: FMC). 
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The upper bezel of each coffer is orientated towards the centre of the sphere, 
where the bottom ones on each level point towards an imaginary circle outlined 
on the floor. If we divide the radius of the circle on the floor into seven equal parts 
and draw six more circles from them, numbering them from 0 for the smallest to 
5 for the largest, the lower bezels of each order of coffers point towards the circle 


corresponding to its order number. 


Coffer designed to be seen in perspective Cross-section of the Pantheon in Rome, with the 
from the floor (source: FMC). points of convergence of the lower bezels of the 
coffers indicated. 


If we take a closer look, we can see that the number seven and its multiples 
appear profusely in the Pantheon’s design. There are seven chapels and 28 coffers 
in each of the orders of the dome. There are, however, only five rings of coffers 


partially covering the dome. Without delving into mysticism, which has nothing 


to do with mathematics, as it almost always involves speculation, it should be said 


that the probable motive of these numbers is astronomy. Thus, the correspondence 
of the rings of coffers, with circles on the floor, could be associated with the orbits 
of the five planets. The Sun would be the disc of light projected through the oculus 
onto the floor. It can be seen directly through the oculus on a few days of the 
year. The twenty-eight coffers, four by seven, would represent each of the days in 
a lunar cycle or month which is divided into four phases, each of which lasts one 
week. However, these observations should be taken with a pinch of salt; they are 


merely interpretative hypotheses. 
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The Pantheon as a whole,demonstrates a well-designed and executed construction 
not only achieving the physical strength necessary to support the ancient world’s 


largest dome, but also to produce an effect of harmony and unity for anyone passing 


through it. 


SPHERE AND CYLINDER: CICERO AND ARCHIMEDES — 


As we have said, Marco Tulio Cicero was interested in geometry, but also, it seems, in 


2 geometers. According to Marco himself, in 75 ac he visited Sicily and discovered the tomb of 


Archimedes, which he was able to identify from a gravestone, on to which a sphere inside a 


cylinder was engraved. Legend has it that the Syracusan considered that his greatest math- 


ematical discovery had been to prove that the volume and surface area of the sphere is two 


thirds the volume and surface area of the cylinder which holds it. 


Calling the radius of the sphere r, the cylinder it contains will have ras the radius of the base, 


anda height of the diameter of the sphere, or 2r. If we call the volume of the sphere V, and 


that of the cylinder Ve it can nee demonstrated that: 


Urewhe calling the surface area of the sphere S. and the total surface area of the cylinder, 


the side and the two bases, S., it can be demonstrated that: 


S. = 2nr-2r+2-(nr’) = 6nr’. 


Ss as = 2.6m? = Amr. 
e 3 


Apaling these formulae to the Pantheon, and given that the radius is 21. 72m, we get the 


following interior dimensions. 


y — —(V. +, v) 1 anr ‘ge = rid = 53.651 m?. ] 


Pantheon ~ => 


Sateen 55 +5, 5) =M6nr + Ane? - Sar? =7.410 ms 


Without taking into account protrusions and recesses, the ote interior surface of the 


Pantheon, including the floor, is approximately 1,482 m?, five times that of the floor. 
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Santa Maria Novella: humanist architecture and 
Leonardo's groups 


The work on the facade of the Santa Maria Novella church in Florence was started 
in 1350, but only part of the lower half was completed. In 1439, during the Council 
of Florence, which took place in this church, the need to finish it was discussed. 
A few years later the project was given to Leon Battista Alberti. The author of 
De re Oecdificatoria and the first to write about perspective designed the upper half, 
with a mixture of modularity, proportion, balance, rhythm, harmony and beauty. 
Proportion, rhythm, balance, beauty... Alberti summarised all of these qualities of 


architectural art using the Latin term concinnitas. 


ee 


Facade of Santa Maria Novella, 
Florence (drawing: AMA; photo: FMC). 
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A wind-tilled boat sail, emblem of the Rucellai family on the facade of Santa Maria 
Novella in Florence (source: FMC). 


The first stone of the current building of Santa Maria Novella was placed on St 
Luke’s Day in 1246, to replace a smaller and older church which had been granted 
to the Franciscans when they arrived in Florence. Construction work lasted until 
the middle of the next century and the church was not consecrated until 1420 by 
Pope Martin V, who was then living in the city. 

The six lower tomb arches, the lateral, gothic-style doors and the blind pointed 
arches, which imitate those of the San Giovanni Baptistery opposite the city’s 
cathedral, made with white and green marble, were all constructed in the first 
phase of the facade. Work was stopped when it had reached the height of the central 


cornice, without having completed either this or the central door. 


THE DEMONSTRATI 


ONS IN THE BOOK 


Paul Erddés (1913-1996) talked of The Book, an 


imaginary publication in which God had written perfect 


proofs of all mathematical theorems. And he added 


that in order to be a mathematician you do not have to 


believe in God, but you do have to believe in The Book. 


So, the demonstrations in The Book share Albertian 


concinnitas with beautiful buildings. They are well- 


proportioned, balanced, beautiful... 


Contemplating the facade of Santa Maria Novella from 


a mathematical perspective, the meaning of concinnitas 


can be easily understood, and even more so if we have 


in our heads any of the demonstrations, which we Paul Erdés in 1992. 


personally believe form part of The Book. 
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Giovanni Ruccelai, an important trader, commissioned his architect and friend 
Leon Battista Alberti to finish it. Alberti proposed covering it completely in green and 
white marble but changing the lower style substantially, seeking to provide harmony 
and proportion to the whole. The lower part remained almost intact with its medial 
appearance, incorporating the central door, taking its inspiration from the Roman 
Pantheon, but, with its terraced lateral columns, was now completely Renaissance. 
Alberti also designed the upper part, separated from the rest by a wide frieze which 
he divides into two halves, and which we will return to later. The location of the 
oculus, which is vertically off-centre, led him to place a new square element around 
it which is subdivided into three areas by four pilasters, the central one being twice 
the width of the lateral ones. The reticular division of this space, filled with equal 
rectangles, helps to set one of the modules of measurement, which provide unity to 
the whole project, linking the already complete lower part with the new elements 


that are incorporated by means of a mathematical game of multiples and divisors. 


Proportions based on the square (source: FMC). 


The unit is framed in a square, which is in turn subdivided into four by the axis 


of symmetry and the upper edge of the frieze. The body of the attic on the frieze is 
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THE IDEA OF GROUPS 


‘In mathematics, a group is the algebraic structure of a set G in which we have defined an 


_ operation °, that acts on its cement It is ae that goup (G, °) has the structure of a group 
if it fulfils the following properties: | _ : 


- The operation IS ‘internal’, in the words, by elevating any two elements the result 


is another element of the group. 


Vx, y € G, demonstrates that x o ye G. 


2. The operation is ‘associative’. That is, for any trio of elements in the group, if we oper- 


ate on the first with the second and the result with the third, we obtain the same as if we 


operate the first with the previous result from having operated the second with the third. 


VxyzeG demonstrates that (x oy) °Zz=x oly °2Z). 


3. Neutral element (identity). 


There is a unique element /d € G which verifies that Vx é G Idex=xold= x. : 


4. Symmetrical element. 


For all elements x of the group, there is another x’ which demonstrates that 
X °X' =X’ ox = /d. 


An isometry is a geometric transformation that maintains the distance between elements of 


a set, in other words, ‘rigid’ movements, with no ‘deformation’. Isometries on a plane can 


be rotations around a point, translations in one direction or reflections over one axis. Slides, 


or the composition of a translation and a reflection on the axis parallel to the direction of the 


translation, are also considered isometries. 


inscribed on the square, which is a quarter part of the total.To complete the unit and 


save the different height of the central nave with respect to the lateral naves, there 
are two triangular volutes, with rounded contours, which in turn frame two discs. 
The attic is crowned by a frontispiece, which inscribes a circle with a radiant sun: the 
victorious sun that appears on the coat of arms of this Florentine district. The central 


oculus, with its frame, has a diameter that measures double that of the three discs, 
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LEONARDO'S GROUPS 


Leonardo's groups are groups of movements with a finite number of elements and with a point 


that remains fixed when applying any of those movements. They are composed of only rotations 


and reflections, and there are two types. 
The first type corresponds to cyclic groups, formed by one rotation, the amplitude of which is 


an integer divisor of 360°, such as, for example, C,, which is generated by a rotation g of 120°. 


Its elements are 


C,=t/d, 9, 9°}, 


where /d represents identity. 
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Group C,, indicating the fixed point as the centre of rotation. 


The second type are the dihedron groups, generated by a rotation and a symmetry whose axis 


passes through the centre of the rotation. They are represented as D_. 


On the left, invariant figure by D,,. 
On the right the axes of symmetry and the rotations have been marked. 
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nd by a symmetry s. Its elements ar 


Result of applying the movements 


‘he group D, is generated by a unique symmetry. : 
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Frieze with the fifteen rosettes on the Santa Maria Novella, each of which has a different 
geometric design and is framed by a square (source: AMA). 


the upper one and the two lateral ones. The module that predominates can be seen 


. easily — the square. But we can also find some golden ratios, although less precisely, 


and other ratios, such as, 2:3 as seen between the width and height of the central door. 


Some probable golden ratios (source: FMC). 


Ratios, and not necessarily the mythologised golden ratio, fulfil a double-purpose, 
that of modularising the design and making it easy to build, but also for purely 


aesthetic reasons, giving harmony to the parts as a whole. 
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The square that frames the volute is 1/16 of the total. 
The door has a ratio of 2 to 3 (source: FMC). 


The result is obvious: a balanced and rhythmic whole, which is harmonic in its 
two-colour conception. But let’s shift our attention to the central frieze. It is fifteen 
squares of green marble. Each of them frames a rosette. At a glance at the facade as 
a whole they are barely noticeable. Three colours of marble have been used: green, 
white and pink. 

We are now going to study the group which corresponds to each of the frieze’s 
rosettes, one by one. To do so we will number them according to the positions 


they occupy. 
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The first and second belong to a D., which is generated by a rotation of 72° and 


vertical symmetry. 


Illustration reproducing the first and second rosettes of the Santa Maria Novella frieze. 


The third, and its outer ring, would be a D and in the middle area D,; but as 


16? 
there is a quadrilateral inside it, its whole is a D,,. 
The fact that the axis of symmetry is rotated 11.5° compared to the vertical 


(the others are at 56.5°, 101.5° and 146.5°) is also noteworthy. 


Third rosette. 
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The fourth rosette would be a D,, but due to the hexagonal star on its interior, 


it becomes a D,. 


Fourth rosette. 


The fifth is, again, a D » as are the sixth and the seventh. 


Fifth rosette. Sixth rosette. 


Seventh rosette. 
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The eighth rosette, which occupies the central position, is a D,, as indicated by 


the central six-point star. 


Eighth rosette. 


The ninth rosette is, again, a D.. 


Ninth rosette. 


The tenth is one of the most interesting; the 
symmetry of the central elements, which make 
it a D,, is broken by the tulips which border 
it. Therefore it has no axes of symmetry and is 


actually a C,. 


Tenth rosette. 
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The eleventh rosette can clearly be identified as a D,, and the next as a D,. 


Eleventh rosette. Twelfth rosette. 


The thirteenth, without taking into account 
the central ring, would be a D,, but a closer look 
at the ring reveals a five-point star; as 5 and 8 are 
coprime, the rosette as a whole only has vertical 


symmetry. Therefore, it is a D.. 


Thirteenth rosette. 


The fourteenth is another D,, which is the most frequent group in the fifteen 


rosettes. 


Fourteenth rosette. 
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Finally, the fifteenth rosette plays with pentagonal structures, but there is a triangle 
in the centre, which makes this another D,, with one unique line of symmetry, as 


well as identity. 


Fifteenth rosette. 


In summary, except for the tenth rosette, which is a member of cyclical group 
C,, all the rest are dihedral and can be grouped as follows: two rosettes are D,, one 


is D.,, six are D,,, two are D,, another two are D, and just one is D,. 


Florence is a city full of art and full of mathematics. It is not surprising that it 
is one of the most visited cities. If the reader should ever visit the city on the Arno 
River, as well as taking a walk across the Ponte Vecchio or climbing up to the Piazzale 
Michelangelo to view the city as a whole, why not partake in a little ‘mathematical 
tourism’? We suggest that you visit the secluded Santa Maria Novella square and, 


peacefully, contemplate this stupendous facade from a mathematical point of view. 
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Tricking the senses 


The science of perspective 


The relationship between art and mathematics is deeper and 
more complex than it seems at first sight. The development 
of mathematics and art, as creative human activities, have 
followed parallel historical paths. The concepts of time, space 
and measurement, avidly studied by mathematicians through 
the ages, also form the basis of artistic creation. Looking at art 
through the prism of mathematics provides us with a unique 


and amazing aid in appreciating the greatest works of art the 


world has to offer. 


